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Abstract: In quiver quantum mechanics with 4 supercharges, supersymmetric ground states
are known to be in one-to-one correspondence with Dolbeault cohomology classes on the
moduli space of stable quiver representations. Using supersymmetric localization, the refined
Witten index can be expressed as a residue integral with a specific contour prescription,
originally due to Jeffrey and Kirwan, depending on the stability parameters. On the other
hand, the physical picture of quiver quantum mechanics describing interactions of BPS black
holes predicts that the refined Witten index of a non-Abelian quiver can be expressed as
a sum of indices for Abelian quivers, weighted by ‘single-centered invariants’. In the case
of quivers without oriented loops, we show that this decomposition naturally arises from the
residue formula, as a consequence of applying the Cauchy-Bose identity to the vector multiplet
contributions. For quivers with loops, the same procedure produces a natural decomposition
of the single-centered invariants, which remains to be elucidated. In the process, we clarify
some under-appreciated aspects of the localization formula. Part of the results reported
herein have been obtained by implementing the Jeffrey-Kirwan residue formula in a public
Mathematica code.
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1. Introduction
In four-dimensional quantum field theories or string vacua with 8 supercharges, BPS states
with mutually non-local electromagnetic charges γi (i = 1 . . . n), can generically form su-
persymmetric bound states, or BPS molecules, which are stable in some domain in moduli
space. These bound states can be understood as multi-centered black hole solutions to N = 2
supergravity in the string theory context [1, 2], or as multi-centered Dirac-Julia-Zee dyons in
the low energy description of N = 2 gauge theories on the Coulomb branch [3, 4]. In the non-
relativistic limit, the interactions between the centers can be described by a supersymmetric
quantum mechanics of n particles in R3, interacting through electromagnetic, scalar exchange
and possibly gravitational forces [5, 6, 7, 8, 9].
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Alternatively, in a regime where the BPS constituents can be represented by D-branes,
their dynamics is well described by a supersymmetric gauge theory in 0+1 dimension [10,
11, 12, 7, 13, 14, 15] with a unitary gauge group U(Na) for each species of charge αa occur-
ring among the γi’s with multiplicity Na, and with κab chiral multiplets φab,A, A = 1, . . . κab
in the bifundamental representation (Na, N¯b) whenever the charges αa, αb have non-negative
Dirac-Schwinger-Zwanziger product κab = 〈αa, αb〉. The field content is graphically repre-
sented by a quiver Q with vertices Va ∈ VQ associated to the gauge groups U(Na) and with
arrows eab,A ∈ AQ associated to the chiral multiplets. We shall refer to the corresponding
quantum mechanics with 4 supercharges as quiver quantum mechanics. The dimension vector
(N1, . . . , NK) is identified with the total electromagnetic charge γ =
∑K
a=1Naαa =
∑n
i=1 γi of
the BPS molecule.
The dependence of the dynamics on the gauge or string theory moduli, which we denote
collectively by z, is encoded through Fayet-Iliopoulos parameters {ζa(z)} associated to each
factor in the gauge group, as well as through a gauge invariant superpotential W(φ, z) when-
ever the quiver has oriented closed loops. BPS bound states correspond to supersymmetric
ground states of this quantum mechanics [7]. In the simplest case where the ranks Na are
coprime and the superpotential is generic, these BPS bound states are in one-to-one corre-
spondence with Dolbeault cohomology classes on the moduli space MQ ≡ MQ({Na, ζa}) of
stable representations, an algebraic variety of central interest in representation theory (see
e.g. [16]). In particular, the refined Witten index Ω(γ, z, y) = Tr (−1)2J3y2(I3+J3) in the
supersymmetric quantum mechanics (where J3, I3 are Cartan generators of the R-symmetry
group SU(2)L×SU2(R)) coincides (up to a simple prefactor) with the χ-genus of the moduli
space MQ [17, 18],
Ω(γ, z, y) := χQ({Na, ζa)}, y) :=
d∑
p,q=0
(−1)p+q−dy2p−d hp,q(MQ) (1.1)
which in turn is the specialization at t = y of the Hodge polynomial
Ω(γ, z, y, t) :=
d∑
p,q=0
(−y)p+q−dtp−q hp,q(MQ) (1.2)
Here d is the complex dimension of MQ and hp,q are the Hodge numbers, such that χQ
coincides with (−1)d times the Euler number χ(MQ) when y = 1. While the Hodge numbers
are insensitive to the choice of superpotential away from complex codimension-one loci, they
depend crucially on the stability parameters ζa, and may jump across real codimension-one
known as ‘walls of marginal stability’, where
∑K
a=1 naζa = 0 for some positive integers na.
The jump is given by a universal wall-crossing formula [19, 20, 21] which has a transparent
physical interpretation in terms of the (dis)appearance of multi-centered black hole solutions
[22, 23, 24].
In general, the direct computation of the Hodge numbers hp,q(MQ) is a difficult task. In
the absence of oriented loops and for primitive dimension vector, MQ is a pure projective
variety, whose Poincare´ polynomial, which can be computed by counting points over finite
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fields [25], and moreover the cohomology is supported in degree (p, p) [26], so the χ-genus coin-
cides with the Poincare´ polynomial. Recently, building on previous work on two-dimensional
gauge linear sigma models [27, 28]1, the χ-genus (1.1) for any quiver was computed using the
method of supersymmetric localization [31, 32, 33], which is closely related to the Atiyah-Bott
Lefschetz fixed point theorem. The result is expressed as a suitable combination of residues
of a rational function ZQ({ua,i}) of the (complexified) adjoint scalars ua,i, i = 1 . . . Na for
each gauge group U(Na), restricted to the Cartan torus. For a fixed value of the stability
parameters {ζa}, the contributing poles and the order of integration around each of them
are determined according to a prescription originally due to Jeffrey and Kirwan [34]. Differ-
ent integration contours arise in different chambers, such that discontinuities across walls of
marginal stability are consistent with the wall-crossing formula [31]. Despite being completely
algorithmic, the residue formula becomes quickly unwieldy even for moderate ranks, due to
a proliferation of possible poles and orders of integration.
Based on the interpretation in terms of a multi-centered configuration of n BPS black
holes with charges γi, it was suggested in [35], and further elaborated in [17, 36, 37], that
the Witten index (or χ-genus) of a non-Abelian quiver Q with gauge group
∏K
a=1 U(Na)
could be decomposed as a sum of Witten indices χQ({γi}) for a family of Abelian quivers
Q({γi}) associated to all decompositions of the dimension vector γ =
∑K
a=1Naαa into a sum
γ =
∑m
i=1 γi where each γi =
∑K
a=1 ni,aαa is itself a linear combination of the basis vectors
associated to the nodes of the original quiver, with positive integer coefficients na,i. The
general formula is known as the ‘Coulomb branch formula’ from [35, 17] (see §2 below for a
precise statement) and the coefficients appearing in front of each χQ({γi}) involve a new set
of quiver invariants Ω¯S(γi) known as ’single-centered invariants’ or ’intrinsic Higgs invariants’
[38, 39, 17, 18], which are independent of the stability conditions, and conjecturally depend
only on the variable t conjugate to p − q in (1.2), but not on y [17]. These invariants
are currently defined in an indirect, recursive way (see [40] for a concise explanation of the
Coulomb branch formula). This conjecture, if true, gives a powerful way of obtaining the the
full Hodge polynomial from the knowledge of χ-genus of Q and of its subquivers.
For quivers without oriented loops and primitive dimension vector however, the single-
centered invariants are known to have support only on multiples of the basic vectors γi = `αa,
in which case they are simply given by Ω¯S(`αa) = (y − 1/y)/[`(y` − y−`)] for any vertex
Va ∈ VQ. The Coulomb branch formula (sometimes known as the MPS formula in this
restricted setting) then becomes completely explicit, and reduces to a sum of the χ-genera for
the Abelian quivers Q({γi}), with simple combinatorics coefficients. This formula was first
derived in [24, App. D] based on the Reineke formula [25] for quivers without loops, and put
on a rigorous mathematical ground in [41].
Our main goal in this paper will be to derive the Abelianization formula for quivers
without oriented loops (where the MPS formula is already known to hold) by manipulating
the residue formula of [31]. The key idea is to use the Cauchy-Bose formula
det
1
sinh(µi − νj) =
∏
i<j sinh(µi − µj) sinh(νj − νi)∏
i,j sinh(µi − νj)
(1.3)
1This type of computation was pioneered in [29, 30].
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to decompose the vector multiplet determinant for a given U(Na) gauge group into a sum
over conjugacy classes in the permutation group SNa , which are labelled by partitions λ =∑
`≥1 `Na,`. Applying (1.3) to each U(Na) factor, leads to a sum over all decompositions of the
dimension vector γ =
∑
i γi where the γi’s are positive linear combinations of the vectors `αa.
We shall see that the contribution χλQ of permutations
2 in the conjugacy class λ associated to
a decomposition γ =
∑
`,a n`,a(`αa) reproduce the contribution of the Abelian quiver Q({γi})
to the MPS formula for χQ. We note that the formula (1.3) (or rather its rational limit) was
used in a similar context in the computation of the index of N = 4 SYM in [30], and as a tool
to construct grand canonical partition functions for matrix models in [30, 42, 43]. An elliptic
version (3.13) of this equation also allows to implement a similar Abelianization process for
computing the elliptic genus two-dimensional gauge linear sigma models [28]. Finally, we note
that the Abelianization formula for quivers was also investigated using toric geometry in [44],
where a similar but less manipulation of the vector multiplet determinant was used.
The outline of this work is as follows. In §2, we recall basic definitions and facts about
quiver moduli spaces, and briefly review the Coulomb branch formula and the MPS formula.
In §3, we review the residue prescription of [31, 28] for computing the χ-genus χQ({Na, ζa})
of the quiver moduli spaceMQ, recall the relation with the Atiyah-Bott fixed point theorem,
examine its value in the attractor chamber, and introduce the Cauchy-Bose formula as a
useful way of decomposing the index into a sum over partitions of the dimension vector. In
§4, we apply the residue prescription to various examples of Abelian quivers with or without
oriented loop, clarifying the origin of the stability condition for flags contributing to the
residue formula. In §5, we consider various examples of non-Abelian quivers, and explain the
origin of the various terms in the Coulomb branch or MPS formula in terms of conjugacy
classes in the Cauchy-Bose formula. In Appendix A, we indicate how to reproduce some
our results by using the mathematica package CoulombHiggs.m developed by the last-named
author, which was originally released along with [36], and has been extended to include the
Jeffrey-Kirwan residue formula and other functionalities.
2. A brief review of the Coulomb branch formula for quivers
Let Q be a quiver with vertices Va ∈ VQ (a = 1 . . . K), arrows eab,A ∈ AQ. We assume
that there are no arrows from one vertex to itself, and that all arrows eab,A between vertices
Va and Vb point in the same direction. We denote by κab the number of arrows from Va
to Vb, and by −κab the number of arrows from Vb to Va, so that κab is an antisymmetric
matrix with integer entries. Let γ = (N1, . . . , NK) be a vector of non-negative integers,
known as the dimension vector. The quiver quantum mechanics associated to (Q, γ) is a 0+1
dimensional gauge theory with four supercharges [7]. It includes vector multiplets for the
gauge group G =
∏K
a=1 U(Na) and |αab| chiral multiplets transforming in the bifundamental
representation (Na, N¯b) if αab > 0, or its complex conjugate (N¯a, Nb) if αab < 0. We shall
denote the bosonic component of these chiral multiplets by φab,A,ss′ , where 1 ≤ A ≤ |αab|,
2In fact, all permutations in the same conjugacy class turn out to contribute equally, naturally leading to
the Boltzmann symmetry factor in the MPS formula.
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1 ≤ s ≤ Na, 1 ≤ s′ ≤ Nb. When the quiver has oriented loops, the Lagrangian depends
on a superpotential W(φ), which is a sum of G-invariant monomials in the chiral multiplets
φab,A,ss′ . In addition, the Lagrangian depends on a real vector ζ = (ζ1, . . . , ζK), known as
the stability vector, whose entries are Fayet-Iliopoulos (FI) parameters for the U(1) center in
each gauge group U(Na). Since the diagonal U(1) action leaves all fields invariants, we may
assume that
∑K
a=1Naζa = 0. For the purpose of counting BPS states, the overall scale of the
ζa’s is also irrelevant, so this vector can be viewed as a point in real projective space RPK .
Semi-classically, the quiver quantum mechanics admits two branches of supersymmetric
vacua. On the Higgs branch, the gauge symmetry is broken to the U(1) center by the vevs of
the chiral multiplet scalars φab,A,ss′ , which are subject to the D and F-term relations∑
b:κab>0
∑
s′=1...b
A=1...κab
φ∗ab,A,ss′ φab,A,ts′ −
∑
b:κab<0
∑
s′=1...b
A=1...|κab|
φ∗ba,A,s′s φba,A,s′t = ζa δst ∀ a, s, t (2.1)
∂W
∂φab,A,ss′
= 0 ∀ a, b, A, s, s′ (2.2)
where 1 ≤ a ≤ K, 1 ≤ s, t ≤ Na in the first equation while 1 ≤ a, b ≤ K, 1 ≤ s ≤ Na, 1 ≤ s′ ≤
Nb, 1 ≤ A ≤ κab in the second equation, whenever κab > 0. Classical supersymmetric vacua
are in one-to-one correspondence with orbits of solutions to (2.1),(2.2) under the compact
gauge group G =
∏K
a=1 U(Na). Equivalently, they are in one-to-one correspondence with
stable orbits of solutions of (2.2) under the action of the complexified gauge group GC =∏K
a=1GL(Na,C), where the stability condition is determined by the vector ζ. The setMQ of
supersymmetric vacua thus coincides with the moduli space of stable quiver representations
widely studied in mathematics (see e.g. [45, 16] for entry points in the vast literature on
this subject). Quantum mechanically, BPS states on the Higgs branch are harmonic forms
on MQ, or equivalently Dolbeault cohomology classes [7]. The group SO(3) associated to
physical rotations in R3 acts on the cohomology of the Higgs branch via the Lefschetz action
generated by contraction and wedge product with the natural Ka¨hler form on MQ, induced
from the flat Ka¨hler form on the ambient space ⊕eabA∈AQCNa ⊗ CNb .
On the Coulomb branch, the gauge symmetry is broken to the diagonal subgroup U(1)
∑K
a=1Na
and all chiral multiplets as well as off-diagonal vector multiplets are massive. After integrat-
ing out these degrees of freedom, the diagonal part ~ri of the scalars in the vector multiplets
must be solutions to Denef’s equations [7]
∀i = 1 . . . n ,
∑
j 6=i
γij
|~ri − ~rj| = ci . (2.3)
Here, the index i runs over all n =
∑
aNa pairs (a, s) with s = 1 . . . Na, and the corresponding
γij and ci are equal to αab and ζa, in such a way that
∑n
i=1 ci =
∑K
a=1 Naζa = 0. The same
equations (2.3) govern the positions of n centers with charges γi such that 〈γi, γj〉 = γij in
N = 2 supergravity [1, 2]. The space of solutions modulo common translations is a phase
spaceMn({γij, ci}) of dimension 2n− 2, equipped with a natural symplectic form (inherited
from the symplectic form on the full non-BPS phase space) such that the moment map for
spatial rotations is given by the total angular momentum ~J = 1
2
∑
i<j γij(~ri−~rj)/|~ri−~rj| [46].
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BPS states on the Coulomb branch are harmonic spinors for the natural Dirac operator on
Mn({γij, ci}) [46, 9].
The Witten index Ω(γ, z, y) defined in (1.1) counts BPS states on the Higgs branch. In
the case where the dimension vector γ is primitive and the superpotential W is generic, MQ
is compact, so Ω(γ, z, y) is a symmetric Laurent polynomial in y, which can be viewed as
the character of the Lefschetz action of SO(3) on the cohomology of the quiver moduli space
MQ. When γ is not primitive,MQ is no longer compact, but one can still define the χ-genus
using intersection cohomology. It is useful to introduce the rational invariant [35]
Ω(γ, z, y) := χ¯Q({Na, ζa)}, y) :=
∑
d|Na
y − 1/y)
d(yd − y−d)χQ({Na/d, ζa)}, y
d) , (2.4)
which coincides with χQ({Na, ζa)}, y) when the dimension vector γ = (N1, . . . , NK) is prim-
itive, but is in general a rational function of y whenever γ is not primitive. The advantage
is that χ¯Q({Na, ζa)}, y) satisfies a much simpler wall-crossing formula than χQ({Na, ζa)}, y)
[20, 21, 24].
2.1 The Coulomb branch formula
The Coulomb branch formula conjecturally expresses the rational index Ω(γ, z, y) in terms of
single-centered indices ΩS(γi) as follows [35, 36, 40]:
χ¯Q({Na, ζa)}, y) =
∑
γ=
∑n
i=1 γi
gC({γi, ci}, y)
|Aut{γi}|
n∏
i=1
Ω¯T(γi, y) (2.5)
where Ω¯T(γi, y) is constructed in terms of ΩT(γi, y) by a relation similar to (2.4). The ‘total’
invariant ΩT(γi, y) is in turn determined in terms of the single-centered invariants ΩS(γi, y)
via
ΩT(γ, y) = ΩS(γ, y) +
∑
γ=
∑m
i=1miβi
H({βi,mi}, y)
m∏
i=1
ΩS(βi, y
mi). (2.6)
In (2.5), the sum runs over unordered decompositions of γ into a sum of vectors γi =
∑
a ni,aαa
which are linear combinations of the basis vectors αa with positive integer coefficients. Sim-
ilarly, in (2.6) the sums run over unordered decompositions of γ into sums of vectors miβi
with mi ≥ 1 and βi a linear combination of the αa’s with positive integer coefficients3. The
functions H({βi,mi}, y) are determined recursively by the so called “minimal modification
hypothesis” (see [36, 40] for details) and their role is to ensure that the full refined index
Ω(γ, z) is a symmetric Laurent polynomial in y. The function gC({γi, ci}, y), known as the
Coulomb index, is the only quantity on the r.h.s. of (2.5) which depends on the stability
parameters ζa. It is defined as the equivariant index of the Dirac operator on the phase
space Mn({γi, ci}), computed by localization with respect to rotations around a fixed axis
[24, 35, 36]. The fixed points of the action of J3 on Mn({γi, ci}) are collinear black hole
solutions, which are classified by permutations σ of {1, 2, . . . n},
gC({γi, ci}, y) = (−1)
n−1+∑i<j γij
(y − y−1)n−1
∑
σ∈Sn
FC,n({γσ(i), cσ(i)}) y
∑
i<j γσ(i)σ(j) , (2.7)
3If one of the constituents βi is not primitive, all choices (dmi, βi/d) are counted as distinct contributions.
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where the ‘partial Coulomb index’ FC,n({γi ci}) ∈ Z counts (with sign) collinear solutions for
a fixed ordering x1 < x2 · · · < xn along the axis. A recursive procedure for computing it was
given in [36] and has been implemented in a Mathematica package (see §A).
When the Abelian quiver Q({γi}) constructed from the adjacency matrix γij = 〈γi, γj〉 =∑
a,b ni,anj,bκab has no oriented loop, the Coulomb index (2.7) coincides with the χ-index
χQ({γi}) with stability parameters ci =
∑
a ni,aζa, in particular it is a symmetric Laurent
polynomial in y. When Q({γi} has oriented closed loops, this relation is lost, and the Coulomb
index (2.7) is in general a rational function. The functions H({βi,mi}, y) are then adjusted in
such a way that the full index Ω(γ, z) obtained via (2.5) is a symmetric Laurent polynomial in
y, provided the single-centered indices ΩS(γi, y) are. The minimal modification hypothesis of
[36] gives a unique prescription for computing H, based on the assumption that the missing
contributions from the boundary ofMn carry the minimal possible angular momentum. Note
that this prescription does not take into account the condition of absence of closed timelike
curves, which is irrelevant in the context of quiver quantum mechanics, but needs to be
checked by hand for general supergravity bound states (see e.g. [35, §3.2] for an example
where this condition makes an important difference).
In the special case where the dimension vector γ is primitive and such that all charge
vectors γi appearing in each decomposition γ =
∑
γi are distinct and primitive (which in
particular applies when the original quiver Q is Abelian), the Coulomb branch formula (2.5)
simplifies to
Ω(γ, z, y) =
∑
γ=
∑n
i=1 γi
gC({γi, ci}, y)
n∏
i=1
ΩS(γi, y) + ∑∑mi
j=1 βj=γi
Hmi({βj}, y)
mi∏
j=1
ΩS(βj, y)
 .
(2.8)
In this case, the rational functions H({βj}, y) are fixed by demanding that the coefficient
of the monomial
∏m
j=1 ΩS(βj, y) in Ω(γ, z, y) be a Laurent polynomial in y. Requiring that
H({βj}, y) are invariant under y → 1/y and vanish at y =∞ fixes them uniquely [35]. In [17]
it is conjectured that the Hodge polynomial (1.2) of MQ can be obtained from the χ-genus
given by (2.5) or (2.8) by replacing the argument y in ΩS(γi, y) by the fugacity t conjugate
to p− q.
2.2 The MPS formula
For quiver without oriented loops, the single-centered invariants ΩS(γi) vanish unless γi is a
multiple of a basis vector αa, in which case Ω¯S(`αa) = (y − 1/y)/[`(y` − y−`)]. The Coulomb
branch formula therefore reduces to
χ¯Q({Na, ζa}, y) =
∑
Na=
∑
``n`a
a=1...K
χQ({n`a})({ci}, y)
K∏
a=1
∏
`
1
n`,a!
[
y − 1/y
`(y` − y−`)
]n`,a
(2.9)
The factor χQ({ni`,a)({ci}, y) is the χ-genus of an Abelian quiver with n =
∑
`,a n`,a vertices
{Wa,`,m, 1 ≤ a ≤ K, 1 ≤ m ≤ n`,a}, which we denote by Q({n`a}) (see Figure 1). Denoting
the nodes of the ‘blown up quiver’ by {Wi, 1 ≤ i ≤ n} using an arbitrary bijection i 7→
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(a(i), `(i),m(i)), the adjacency matrix of Q({n`a}) is given by γij = `(i)`(j)κa(i)a(j), the
dimension vector has entries Ni = 1 while the stability vector is ci = `(i)ζa(i), in such a way
that
∑n
i=1 ci =
∑
`,a `n`,aζa = 0. The positive integer `(i) is sometimes called the level of the
vertex Wi. Physically, the quiver Q({n`a}) describes the interactions of n =
∑
` n`a black
holes with charges γi = `(i)αa(i), treated as distinguishable particles, so we use the notation
the equivalent notation Q({γi}) for the quiver Q({n`a}).
Vb Va
Na
Vc
κba κac
Vb Vc
Wa,1,1
Wa,1,n1
Wa,2,1
Wa,2,n2
Wa,`,1
Wa,`,n`
κba
κba
2κba
2κba
`κba
`κba
κac
κac
2κac
2κac
`κac
`κac
Figure 1: Blowing up a non-Abelian node of rank Na =
∑
` `na,` (on the left) into
∑
` na,` Abelian
nodes (on the right). The number of arrows from Wa,`,m to Vb is ` times the number of arrows from
Va to Vb, where ` is the level of the node Wa,`,m. This operation may be performed on any number
of non-Abelian nodes.
The formula (2.9) is a special case S = {1, . . . , K} of a more general relation operating
only on a subset S ⊂ {1, . . . , K} of the nodes:
χ¯Q({Na, ζa}, y) =
∑
Na=
∑
` ` n`,a
a∈S
χQ({n`,a)}({ci}, y)
∏
a∈S
∏
`
1
n`,a!
[
y − 1/y
`(y` − y−`)
]n`,a
(2.10)
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where the quiver Q({n`,a}) is obtained from Q by replacing every vertex Va ∈ VQ ∩ S with
vertices Wa,`,m, 1 ≤ m ≤ n`,a, carrying level ` while the vertices Va ∈ VQ\S are unaffected.
Again, we denote by {Wi} the set of all vertices, and by a(i), `(i), N(i) their type, level
and dimension, equal to (a, `, 1) for Wa,`,m and to (a, 1, Na) for Va ∈ VQ\S. The adjacency
matrix is given as before by γij = `(i)`(j)κa(i)a(j), the stability vector is ci = `(i)ζa(i) and
the dimension vector has entries Ni = N(i), in such a way that
∑n
i=1Nici = 0. Clearly, this
relation is only non-trivial if the entries in S correspond to non-Abelian nodes, i.e. Na > 1
for a ∈ S. Moreover, the relation (2.10) follows iteratively from the special case where S
contains a single element. In the case where the dimension vector is primitive, this relation
was established in [24, App. D] based on Reineke’s formula [25] for quivers without oriented
loops and with primitive dimension vector. It is worth noting that the proof also works for
quivers with oriented loops but with vanishing superpotential, since Reineke’s formula also
holds in that case [17].
3. Indices from residues
Using supersymmetric localization techniques, the authors of [31, 33] have found a general
prescription for computing the Witten index in any gauged quantum mechanics with two su-
percharges. In the case of quiver quantum mechanics with four supercharges, the prescription
reads:
χ¯Q({Na, ζa}, y) = 1∏K
a=1Na!
∑
p
JK-Resp (ZQ({ua,s}, y), ζ) (3.1)
Here, the variables ua,s parametrize the complexified Cartan torus
∏K
a=1(C
×)Na of the gauge
group [
∏
a U(Na)]/U(1), the factor ZQ({ua,s}, y) is a holomorphic top form on this space and
the sum runs over all poles of ZQ({ua,s}, y). The symbol JK-Res denotes a specific prescrip-
tion, originally due to Jeffrey and Kirwan [34], for extracting the residue at the corresponding
pole. The prescription crucially depends on the stability vector ζ, and ensures that the result
is consistent with the wall-crossing formula. The function ZQ({ua,s}, y) originates from the
one-loop fluctuation determinant of all fields in the vector and chiral multiplets, and is given
by
ZQ({ua,s}, y) =
[
pi~
sin(pi~)
]∑K
a=1Na−1 ∏
a=1...K
s,s′=1...Na
s 6=s′
sin[pi~(ua,s′ − ua,s)]
sin[pi~(ua,s − ua,s′ − 1)
∏
a,j=1...K
κab>0
∏
s=1...Na
s′=1...Nb
∏
A=1...κab
sin[pi~(ub,s′ − ua,s + 1− Rab2 − θab,A)]
sin[pi~(ua,s − ub,s′ + Rab2 + θab,A)]
∏˜
a=1...K
s=1...Na
dua,s
(3.2)
where y = eıpi~, and
∏˜
denotes the omission of any one of the dua,s’s in the measure (due
the decoupling of the diagonal U(1) action). The quantity Rab denotes the R-charge of the
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chiral fields φab,A,ss′ , while the parameters θab,A are chemical potentials
4 for the U(κab) flavor
symmetry permuting the chiral fields φab,A,ss′ with A = 1 . . . κab. In the absence of oriented
loops, the assignment of R-charges is irrelevant, but if oriented loops are present, it constrains
the possible superpotential, which must be a gauge invariant polynomial in the φab,A,ss′ with
R-charge equal to 2, invariant under flavor symmetries with non-zero potential θab,A. In
particular, in order to allow for a generic superpotential, one should set all flavor potentials
to zero and ensure that the total R-charge for any oriented loop is equal to 2. Clearly, (3.2)
is invariant under ~→ −~, or equivalently y → 1/y.
In the limit y → 1 (or ~ → 0), and for vanishing chemical potentials θab,A = 0, the
χ-genus reduces to the Euler number, given by the sum of residues of
ZQ({ua,s}) =
∏
a=1...K
s,s′=1...Na
s 6=s′
ua,s′ − ua,s
ua,s − ua,s′ − 1
∏
a,b=1...K
κab>0
∏
s=1...Na
s′=1...Nb
[
ub,s′ − ua,s + 1− Rab2
ua,s − ub,s′ + Rab2
]κab ∏˜
a=1...K
s=1...Na
dua,s
(3.3)
When θab,A 6= 0, the limit ~→ 0 instead produces the equivariant Euler number for the action
of the Cartan torus of the flavor symmetry. It is worth noting that (3.2) arises as the limit
τ → i∞ from the elliptic genus of a two-dimensional gauged linear sigma model with the
same matter content, given by a sum of residues of
ZQ({ua,s}, y, τ) =
[
2piη3~
θ1(~)
]∑K
a=1Na−1 ∏
a=1...K
s,s′=1...Na
s6=s′
ϑ1[pi~(ua,s′ − ua,s)]
ϑ1[pi~(ua,s − ua,s′ − 1)
∏
a,j=1...K
κab>0
∏
s=1...Na
s′=1...Nb
[
ϑ1[pi~(ub,s′ − ua,s + 1− Rab2 )]
ϑ1[pi~(ua,s − ub,s′ + Rab2 )]
]κab ∏˜
a=1...K
s=1...Na
dua,s
(3.4)
where θ1(v, τ) = θ1(v) = 2q
1/8 sin(piv)
∏∞
n=1(1− qn)(1− qne2piiv)(1− qne−2piiv). Note however
that in 0+1 dimensions, there is no need to cancel the R-symmetry anomaly, unlike for the
elliptic genus of two-dimensional sigma models.
In order to compute the residue in (3.1), it is more efficient to change variables to va,s =
e2pii~ua,s , such that (3.2) may be replaced by
ZQ({va,s}, y) =
∏
a=1...K
s,s′=1...Na
s 6=s′
va,s′ − va,s
vi,s/y − y va,s′
∏
a,b=1...K
κab>0
∏
s=1...Na
s′=1...Nb
∏
A=1...κab
y1−Rab νab,A vb,s′ − va,s/y
va,s − y−Rabνab,A vb,s′
∏˜
a=1...K
s=1...Na
dva,s
va,s(y − 1/y)
(3.5)
where νab,A = e
−ipiθab,A are flavor fugacities. In this representation, the symmetry under
y → 1/y requires inverting va,s → 1/va,s, αab,A → 1/αab,A.
4Since the R-charge is defined only up to the addition of flavor symmetries, one may decide to absorb θab,A
into Rab,A = Rab + 2θab,A. However we find it convenient to separate Rab,A into a flavor invariant part Rab
and chemical potentials θab,A which may break part of the flavor symmetry.
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3.1 Review of the JK residue prescription
To explain the prescription for identifying and extracting the relevant residues, let us introduce
the weight lattice Λ = Z
∑
Na , with basis ea,s, a = 1 . . . K, s = 1 . . . Na. To each root of U(Na)
we associate the vector ea,s − ea,s′ dual to the hyperplane Ha,s,s′ = ua,s − ua,s′ − 1. To each
bifundamental chiral field φab,A,ss′ with κab > 0 we associate the vector ea,s − eb,s′ dual to the
hyperplane Hab,A,ss′ = ua,s − ub,s′ + Rab2 + θab,A. If the flavor chemical potentials θab,A vanish
for all A, we may as well consider a single hyperplane Hab,ss′ with multiplicity |κab|. Finally,
since all fields are neutral under the diagonal U(1) action, we set one Cartan parameter to
zero, e.g. u1,1 = 0, and disregard the corresponding entry of all charge vectors. We denote by
r =
∑K
a=1 Na − 1 the rank of the reduced lattice Λ/Z.
Now, for each isolated intersection p of hyperplanes, let Hp be the list of hyperplanes
intersecting at p; to construct this list, consider all r-plets of hyperplanes, determine their
intersection5, collect all non-degenerate intersection points, and finally for each point in this
list, collect all hyperplanes which meet at that point. Let Qp be the corresponding list of
charge vectors. We further assume that the intersection is projective, i.e. that all vectors
in Qp lies in a positive half-space of Rr. If that is not the case, it is usually possible to
perturb the charges Rab so as to resolve a non-projective intersection into multiple projective
intersections.
Let Fp be the list of flags F = (F1, . . . , Fr) made out of vectors in Qp; equivalently, the
list of ordered r-plets QF = (Q1, . . . Qr) of vectors in Qp, subject to the equivalence relation
QF ∼ Q′F if QFQ
′−1
F is a lower triangular matrix, if the rows of QF denote the charge vectors.
The space spanned by Qj with 1 ≤ i ≤ j defines the i-th graded space Fi in the flag F . Let
κF,i be the sum of all charge vectors
6 in Qp which belongs to Fi, for all i = 1, . . . r. Note that
κF,i includes contributions from the vectors Q1, . . . , Qi, but it may also include charge vectors
which do not belong to the list (Q1, . . . Qr) if more than r hyperplanes intersect at p, i.e. if
the intersection is degenerate. In particular, κF,r is the sum of all vectors in Qp, irrespective
of the flag F . Note also that the matrix κF is independent of the choice of representative QF
for the flag F .
Now, let us promote the stability condition ζ ∈ RK to a vector η ∈ Rr, by using the
diagonal embedding ηa,s = ζa, and perturbing slightly away from this point (the perturbation
must be chosen once for all, and be the same for all flags). A flag F ∈ Fp is said to be stable
if η belongs to the positive cone spanned by the vectors κF,i with i = 1 . . . r, i.e.
η =
r∑
i=1
λi κF,i , λi > 0 (3.6)
In the case where the vectors κi(F ) are linearly dependent, we discard the corresponding
flag, since they will not be stable for generic values of η. Let Fp(η) be the set of stable flags
constructed from the list of hyperplanes Hp meeting at p. The Jeffrey-Kirwan residue at p is
5For quiver theories, each non-degenerate r-plet of hyperplanes appears to have only one intersection point
on the Cartan torus, but this is not true for more general matter content
6Here it matters whether we treat hyperplanes with |κab| > 1 as multiple copies with unit multiplicity, or
a single copy with multiplicity |κab|. We find in examples that the two prescriptions lead to the same result.
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then the sum of iterated residues
JK-Resp (Z(u), η) =
∑
F∈Fp(η)
sign( detκ) Resu˜r=0 . . .Resu˜1=0 Z˜(u˜) (3.7)
where u˜i = HQi(u) (or in matrix notation, u˜ = u ·QF ) and Z˜(u˜) = Z(u) du˜/du. The residue
is most efficiently computed from the representation (3.5), but one must of course keep track
of the Jacobians ∂v/∂u and ∂u/∂u˜.
It is worth stressing that while the condition (3.6) restricts the possible flags contributing
to the index, it frequently happens that some of the allowed flags give a vanishing residue.
In particular, note that in the absence of flavor fugacities and upon treating the hyperplanes
Hab,A,ss′ , A = 1 . . . κab as a single hyperplane of degree κab, the stability condition for flags
depends only on the sign of κab, not on its absolute value, but the complex dimension d of
the moduli space ]MQ does depend on |κab|, and the χ-genus must vanish if d < 0. It would
be interesting to find a criterium predicting when a given stable flag will produce a vanishing
contribution.
3.2 Residues and fixed points
As explained in [31, 32], the residue formula (3.1) arises by applying supersymmetric local-
ization to the functional integral defining the gauge theory on an Euclidean circle of radius
β. For this, one constructs a linear combination Q~ of the 4 supercharges which squares
to a combination Q2~ = J of a U(1)R rotation and global flavor symmetries, such that the
action becomes Q~-exact. Fixed points of Q~ are such that the complexified scalars ua,s in
the Cartan part of vector multiplets become constant (independent of the coordinate τ along
the thermal circle), while the chiral multiplets must vanish for generic values of the ua,s’s.
The one-loop determinant for the off-diagonal components of the vector multiplets and for
the chiral multiplets gives a (r, r) form ω on the space of the ua,s’s, which has the topology
of a cylinder (C×)r = (R × S1)r. By integration by parts, the integral can be rewritten as
a sum of contour integrals around the poles at finite and infinite distance. At poles at fi-
nite distance in the u-plane, corresponding to an intersection of hyperplanes H1, . . . Hr, the
chiral multiplets (in case Hi = Hab,A,ss′) or the off-diagonal scalars in the vector multiplets
(in case Hi = Ha,s,s′) may acquire a non-zero vev. These correspond to fixed points of the
one-parameter subgroup of the flavor symmetry
∏
a,b,κab>0
U(κab) acting on the Higgs branch.
The condition (3.6) ensures that fixed points with φab,A,ss′ 6= 0 for a, b, s, s′ associated to the
hyperplanes Hi are allowed by the D-term constraints (2.1). Moreover, the contribution of
each fixed point agrees with the Atiyah-Bott Lefschetz fixed point theorem [47] for a Ka¨hler
manifold X with a holomorphic action of f : X → X, which lifts to an action f ∗ on its
cohomology H∗(X),∑
p,q≥0
(−1)p+q−dy2p−d TrHp,qf ∗ =
∑
p≥0
(−1)p−dy2p−d
∑
f(P )=P
Tr (λpdfP )
det C(1− dfP ) (3.8)
where dfP is the linear action of f on the holomorphic tangent space at the fixed point P ,
and λpdfP is the p-th antisymmetric power of this map. In our context, f is the U(1) flavor
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symmetry determined by the chemical potentials θab,A. In Section 4 below we discuss the
relation between poles and fixed points in more detail in the case of Abelian quivers.
3.3 Index in attractor chamber
For any quiver, there is a special choice of stability conditions known as the attractor chamber
[48]
ζ∗a = −
∑
b
κabNb . (3.9)
This chamber precludes the existence of two-centered bound states, since for any splitting
γ = γL + γR of the dimension vector, or equivalently Na = N
L
a + N
R
a , the DSZ product
〈γL, γR〉 = κabNaLN bR and the effective stability parameter ζL = NaLζ?a = −NaRζ?a have opposite
sign. For a quiver without oriented loops, the index in this chamber automatically vanishes.
This is because such a quiver always admits (possibly more than) one sink, where all arrows
are incoming, and (possibly more than) one source, where all arrows are outgoing. The D-
term conditions (2.1) have no solutions unless ζa < 0 for a sink, and ζa > 0 for a source.
In contrast, at the attractor point ζ∗a > 0 for sink, and ζ
∗
a < 0 for a source. By the same
token, the index vanishes at the attractor point for any quiver which admits a sink or source,
whether or not it contains an oriented loop; more generally the index vanishes for any stability
condition of the form ζa = −µa
∑
b κabNb such that µa > 0 provided
∑
aNaζa = 0.
It is easy to see that the JK residue prescription is consistent with this vanishing property.
Indeed, summing up the relation (3.6) over the indices s = 1 . . . Na for each a, we get
ζ =
r∑
i=1
λi κ˜i (3.10)
where κ˜i ∈ RK gets contributions only from chiral multiplet charge vectors in Qp. If a is a
sink, all the contributions to the a-th component of κ˜i are strictly negative, so there are no
stable flags when ζa > 0, in particular at the attractor point ζ
∗. Similarly, if a is a source,
sink, all the contributions to the a-th component of κ˜i are strictly positive, so there are again
no stable flags when ζa < 0, in particular at the attractor point ζ
∗.
In the absence of sources or sinks, in particular for quivers with oriented loops, the index
at the attractor point does not necessarily vanishes, but rather gets contributions from single-
centered invariants and from scaling solutions thereof, as we discuss further in §4.3.
3.4 Cauchy-Bose formula
One of the bottlenecks in the practical evaluation of computation of (3.1) is the enumera-
tion of intersections points and flags. Each non-Abelian group contributes O(N2a ) singular
hyperplanes, while the rank grows only linearly in Na, so the number of possible `-plets grows
exponentially. One remedy is to use the Cauchy-Bose identity (1.3) to rewrite the vector
multiplet determinant in (3.2) as∏
s,s′=1...N
s 6=s′
sin[pi~(us′ − us)]
sin[pi~(us − us′ − 1)] =
∑
σ∈SN
(σ) sin(pi~)N∏N
s=1 sin[~(us − uσ(s) + 1)]
(3.11)
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Equivalently, in terms of the exponentiated variables vs = e
2pii~us ,
1∏N
s=1 vs
∏
s,s′=1...N
s 6=s′
(vs′ − vs)
vs/y − y vs′ = (1/y − y)
N
∑
σ∈SN
(σ)∏N
s=1(vs/y − y vσ(s))
(3.12)
Using the elliptic generalization of (1.3) due to Frobenius [49]
det
1
θ1(µi − νj) =
∏
i<j θ1(µi − µj) θ1(νj − νi)∏
i,j θ1(µi − νj)
, (3.13)
we may similarly write the vector multiplet determinant for the elliptic genus in (3.2) as
∏
s,s′=1...N
s 6=s′
ϑ1[pi~(us′ − us)]
ϑ1[pi~(us − us′ − 1)] =
∑
σ∈SN
(σ)ϑ1(pi~)N∏N
s=1 ϑ1[~(us − uσ(s) + 1)]
(3.14)
In each of these formulae, the denominator now involves N hyperplanes rather than N(N −
1)/2, which drastically simplifies the classification of intersections flags, though it requires
sifting through N ! permutations rather than a single product of many hyperplanes. Fortu-
nately, all permutations in the same conjugacy class (labelled by the partition λ =
∑
` `n`)
turn out to produce the same contribution7, so it suffices to pick one particular permutation
for each partition, and multiply the result by
∏
` `
n`n`!, corresponding to the number of per-
mutations in the same conjugacy class. As we shall see in Section 5, if one applies this trick
for each of the gauge groups U(Na), the resulting sum of multi-partitions coincides with the
MPS formula, at least in the case of non-Abelian quivers without oriented loops.
4. Abelian quivers
In this section, we apply the residue formula in the context of Abelian quivers with or without
loops. In the absence of oriented loops, we show that the stability condition (3.6) on flags
coincides with the condition for existence of fixed points satisfying the D-term equations.
4.1 Abelian quivers without loops
To demonstrate this in a simple example, let us focus on Abelian quivers without oriented
loops (but possibly with non-oriented ones). The D-term equations (2.1) can be written as
ζ =
∑
a,b;κab>0
|φab|2 (ea − eb) , |φab|2 :=
κab∑
A=1
|φab,A|2 (4.1)
7This fact is non-trivial since the generalized stability vector η ∈ Rr breaks the SN symmetry. The inte-
grand coming from different permutations with the same cycle shape can be mapped to the same integrand by
relabelling the integration variables us,a, at the expense of permuting the entries in the flag F = (Q1, . . . , Qr)
used for integrating each of them. For non-degenerate intersections, these permutations do not affect the
residue, so the result is the same for all permutations with the same cycle shape. For degenerate intersections,
the change of variables typically permutes the flags as well (not only the entries Qi in a given flag) and a
more detailed analysis is required.
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For a quiver without (oriented nor unoriented) loop, the rank r = K − 1 is equal to the
total number of edges E = #{(a, b ∈ AQ, κab > 0} (counted without multiplicity), so each
hyperplane Hi originates from a set of chiral fields φi,A ≡ φa(i)b(i),A, and vice-versa, and (4.1)
becomes
ζ =
r∑
i=1
|φi|2Qi (4.2)
For the flag F = (Q1, . . . Qr), one has κF,i =
∑i
k=1Qi and it is easy to check that the solution
to ζ =
∑r
i=1 λiκF,i is given by
λi = |φi|2 − |φi+1|2 for i < r , λr = |φr|2 (4.3)
This gives a transparent interpretation of the parameters λi in (3.6) as difference of vevs of
chiral fields. In particular, the flag F is stable if the stability parameters allow for solutions
of the D-term equations where the only non-vanishing chiral fields φi satisfy |φ1|2 > |φ2|2 >
· · · > |φr|2 > 0. Different flags correspond to different ordering of these vevs. The associated
residue then computes the contribution of the fixed points satisfying these constraints.
As a simple example, consider the Abelian ‘star’ quiver with K vertices V0, V1, . . . VK−1,
with ai arrows from Vi to V0, with ai a non-zero integer of arbitrary sign. We denote this
quiver by Q = Sa1,...aK :
V0
V1
V2
V3
VK a1
a2
a3
aK
The D-term conditions
sgn(ai)
|ai|∑
A=1
|φi,A|2 = ζi , i = 1 . . . K − 1 (4.4)
admit solutions only when sgn(ai) = sgn(ζi), in which case the quiver moduli space reduces to
a product of projective spacesMQ =
∏
i P
|ai|−1. This agrees with the result from the residue
formula
χQ({1, ζa}, y) =
∑
p
JK-Resp
[
K−1∏
i=1
(
ysgnaiu0 − y−sgnaiui
ui − u0
)|ai| dui
(y − 1/y)ui
]
(4.5)
In this case, the singular hyperplanes ui = u0 have a non-degenerate intersection and a single
stable flag contributes, which depends on the ordering of the ζi’s. The result however is
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independent of that ordering, since the integral factorizes into a product of residues in each
variable ui:
χQ({1, ζa}, y) =
K−1∏
i=1
[
(−1)ai−1y
|ai| − y−|ai|
y − 1/y
]
(4.6)
In the presence of chemical potentials θi,A for the global symmetry group
∏
i U(|ai|), the
intersection at the origin splits into
∏
i |ai| intersection points, corresponding to a choice of
Ai ∈ {1, . . . , |ai|} for each arrow, producing
χQ({1, ζa}, y, θ) =
K−1∏
i=1
 |ai|∑
Ai=1
∏
A 6=Ai
νi,A/y − νi,Ai y
νi,Ai − νi,A
 (4.7)
Each of these contributions correspond to one fixed point with φi,A =
√|ζi|δA,Ai , up to
U(1) gauge rotations of the phase of φi,A. The determinant det C(1− dfP ) appearing in the
Lefschetz fixed point formula (3.8) evaluates to
∏
i
∏
A 6=Ai(1 − νi,A/νj,Ai), in agreement with
the denominator in (4.7). After summing over A 6= Ai, each bracket in (4.7) reduces to the
corresponding bracket in (4.6), as expected since each factor P|ai|−1 is compact. Moreover,
as y → 1, each of these non-degenerate intersections contributes ±1, so that χQ({1, ζa}, y)
counts the number of fixed points, up to an overall sign.
4.2 Abelian quivers with unoriented loops
For Abelian quivers with h unoriented loops, the rank r = K−1 is equal to E−h, where E is
the total of number of edges (not counting multiplicity). Choosing R-charges Rab and flavor
fugacities θab,A such that only non-degenerate intersections of r hyperplanes (Q1, . . . Qr) con-
tribute, then only the chiral fields corresponding to Q1, . . . Qr can get non-trivial expectation
values at the intersection, while the remaining E−r = h must be set to zero. Removing these
arrows from the original quiver Q defines a ‘reduced’ quiver Q˜. In order for the matrix κF
to be non-degenerate, it is easy to see that Q˜ must be a tree, which is therefore a spanning
tree of the original quiver Q. The same argument as in the previous section shows that the
stable flags are again in one-to-one correspondence with fixed points satisfying the D-term
equations, for any ordering of the vevs |φi|2 along the spanning tree.
4.2.1 Three node quiver
As an example with one unoriented loop, let us consider a quiver with three nodes V1, V2, V3
and a = γ12 < 0, b = γ23 > 0, c = γ31 < 0, which we denote by Q = Ca,b,c:
V1
V2V3
|a|
b
|c|
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The D-term equations
|φ13|2 − |φ21|2 = ζ1, |φ23|2 + |φ21|2 = ζ2, −|φ13|2 − |φ23|2 = ζ3 (4.8)
admit solutions only when ζ2 > 0 and ζ3 < 0. If ζ1 > 0, then φ13 6= 0 defines a point in P|c|−1,
fibered over P|a|+b−1 parametrized by (φ21, φ23) 6= (0, 0), with index
χ+Q(y) = (−1)a+b+c
(y|c| − y−|c|)(y|a|+b − y−|a|−b)
(y − 1/y)2 (4.9)
If instead ζ1 < 0, then φ21 6= 0 defines a point in P|a|−1, fibered over P|c|+b−1 parametrized by
(φ13, φ23) 6= (0, 0), with index
χ−Q(y) = (−1)a+b+c
(y|a| − y−|a|)(y|c|+b − y−|c|−b)
(y − 1/y)2 (4.10)
The difference
χ+Q(y)− χ−Q(y) = (−1)a+c−1
y|c|−a − y−|c|+a
y − 1/y × (−1)
b−1y
b − y−b
y − 1/y (4.11)
is interpreted as the contribution of a two-particle bound state with charges {γ1+2, γ3} [22].
Let us see how these results can be recovered from the localization formula (3.1). For
vanishing R-charges or flavor fugacities, the index is given by a residue of
ZQ =
(
yu1 − u2/y
u2 − u1
)|a| (
yu3 − u2/y
u2 − u3
)|b| (
yu3 − u1/y
u1 − u3
)c ∏˜
i=1...3
dui
ui(y − 1/y) (4.12)
at the degenerate intersection u1 = u2 = u3. The flag (Q23, Q12), or equivalently (Q23, Q13),
has a degenerate matrix κF so does not contribute for generic values of the ζi’s. For ζ1 <
0, ζ2 > 0, ζ3 < 0, the only stable flag is (Q12, Q23) ∼ (Q12, Q13), reproducing (4.10). For
ζ1 > 0, ζ2 > 0, ζ3 < 0, the only stable flag is instead (Q13, Q12) ∼ (Q13, Q23), reproducing
(4.9). For generic R-charges R21, R23, R13, the degenerate intersection at (0, 0, 0) splits into
three non-degenerate intersections p1 = H31∩H12, p2 = H12∩H23, p3 = H23∩H31. We denote
by p+2 = (Q12, Q23) and p
−
2 = (Q23, Q12) the two possible flags at p2, which are no longer
equivalent, and similarly for p±3 , p
±
1 . Depending on ζ1, there are now two stable flags, given
in the following table,
ζ1 < ζ3 < 0 ζ3 < ζ1 < 0 0 < ζ1 < ζ2 0 < ζ2 < ζ1
{p−1 , p+2 } {p−1 , p−2 } {p+1 , p+3 } {p+1 , p−3 }
(4.13)
In each interval, the contribution of each flag is a complicated rational function of y±Rij , but
they combine in the same result (4.9) or (4.10), depending on the sign of ζ1. For generic flavor
fugacities, the intersections become non-degenerate, and are in one-to-one correspondence
with the possible fixed points. For those, only 2 out of the 3 set of arrows can be non-
vanishing, leading to a total of either |c|(|a|+ b) or |a|(b+ |c|) fixed points, depending on the
sign of ζ1. This agrees with (4.9) and (4.10) in the limit y → 1.
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4.2.2 Four node quiver
Next, we consider an example will become relevant in §5.2: an Abelian quiver with 4 nodes
V1,2,3,4 and arrows κ12 = a > 0, κ23 = b < 0, κ34 = c > 0, κ41 = d < 0, which we denote by
Q = Ca,b,c,d:
V1
V2
V3
V4
a |b|
c|d|
The D-term equations
|φ12|2+|φ14|2 = ζ1, −|φ12|2−|φ32|2 = ζ2, |φ32|2+|φ34|2 = ζ3, −|φ14|2−|φ34|2 = ζ4 (4.14)
admit solutions only when ζ1, ζ3 > 0 and ζ2, ζ4 < 0. Using the symmetries exchanging (V1, V3)
and (V2, V4), there is no loss of generality in assuming that c1 < c3, c2 < c4. For vanishing
R-charges and flavor fugacities, the index is given by a residue of
ZQ =
(
yu2 − u1/y
u1 − u2
)a (
yu2 − u3/y
u3 − u2
)|b| (
yu4 − u3/y
u3 − u4
)c (
yu4 − u1/y
u1 − u4
)|d| ∏˜
i=1...4
dui
ui(y − 1/y)
(4.15)
at the degenerate intersection u1 = u2 = u3 = u4. For ζ2 + ζ3 > 0, we find a single stable flag
(Q32, Q34, Q12) contributing
χ+Q = (−1)a+b+c+d+1
(y|b| − y−|b|)(yc − y−c)(ya+|d| − y−a−|d|)
(y − 1/y)3 (4.16)
If instead ζ2 + ζ3 < 0, there is a single stable flag (Q32, Q12, Q34) contributing
χ−Q = (−1)a+b+c+d+1
(ya − y−a)(y|b| − y−|b|)(yc+|d| − y−c−|d|)
(y − 1/y)3 (4.17)
The difference between the two contributions
χ+Q − χ−Q = (−1)a+b+c+d
(ya−c − yc−a)(y|b| − y−|b|)(y|d| − y−|d|)
(y − 1/y)3 (4.18)
is recognized as the index of a bound state of γL = γ1 + γ4 and γR = γ2 + γ3. In the presence
of generic R-charges, the degenerate intersection splits into 4 non-degenerate intersections,
with 2 stable flags contributing in any chamber of the (ζ2, ζ3) plane (for fixed values of ζ1, ζ4
satisfying the previous assumptions). For generic flavor fugacities (and vanishing R-charges),
the degenerate intersection splits into a|b|c+a|bd|+ac|d|+c|bd| non-degenerate intersections,
grouped in 4 subsets corresponding to the 4 possible spanning trees. Depending on the
stability conditions, only two of these subsets support a stable flag contributing ±1 in the
limit y → 1, in agreement with the previous answers (4.16), (4.18).
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4.3 Abelian quivers with oriented loops
In the presence of oriented loops and absence of a superpotential, the the quiver moduli space
MQ is in general non-compact. If one naively tries to apply the residue formula (3.1) for
vanishing R-charges and flavor fugacities, the intersections are typically degenerate and non-
projective. One way to resolve this problem is to switch on generic flavor fugacities θA for the
chiral fields; the resulting equivariant index is then a rational function of y and νA = e
i~θA ,
with no natural way of taking the limit θA → 0. Another way out is to allow for a generic
superpotential, by tuning the R-charges Rab such that the gauge invariant product of chiral
fields around any oriented loops carries R-charge two. Additionally, one may switch on some
flavor fugacities so as to restrict the form of the superpotential, but possibly at the cost of
opening non-compact directions.
Let us demonstrate this in the case of an Abelian quiver Q = Ca,b,c with 3 nodes V1, V2, V3
with an oriented loop, a = γ12 > 0, b = γ23 > 0, c = γ31 > 0:
V1
V2V3
a
b
c
Choosing R12 = R23 = R31 = 2/3 so that the total R-charge of the loop is 2, the index is
given by a sum of residues of
ZQ =
(
y1/3u2 − u1/y
u1 − y−2/3u2
)a(
y1/3u3 − u2/y
u2 − y−2/3u3
)b(
y1/3u1 − u3/y
u3 − y−2/3u1
)c ∏˜
i=1...3
dui
ui(y − 1/y) (4.19)
Denoting H12 = u1−y−2/3u2, H23 = u2−y−2/3u3, H31 = u3−y−2/3u1 the singular hyperplanes,
and Q12, Q23, Q31 the corresponding charge vectors, we find three non-degenerate intersections
p2 = H12 ∩ H23, p3 = H23 ∩ H31, p1 = H31 ∩ H12. We denote by p+2 the flag (Q12, Q23), and
by p−2 the flag (Q23, Q12), and similarly for p
±
3 , p
±
1 . A single flag contributes for any signs of
ζ1, ζ2, ζ3, given in the following table:
ζ1 ζ2 ζ3 p
− − + p+1
+ − + p−1
+ − − p+2
+ + − p−2
− + − p+3
− + + p−3
(4.20)
The corresponding residue of course gives the same result as the computation based on the
identification of the quiver moduli space as a complete intersection in a product of projective
spaces [38, 17], since both rely on the same index theorem.
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Across the wall at ζ3 = 0 (say), assuming ζ1 > 0, ζ2 < 0, the flag p
−
1 contributes when
ζ3 > 0, while p
+
2 contributes when ζ3 < 0. Defining Z1(u2, u3) = Resu1=y−2/3u2ZQ, the
difference of indices across the wall gives
∆χ = Resu2=y4/3u3Z1 + Resu2=y−2/3u3Z1 = − (Resu2=0 + Resu2=∞)Z1 . (4.21)
The integrand Z1(u2, u3) is of the form f(u2, u3)
du2
u2
, where f(u2, u3) is a rational function of
degree 0. By homogeneity, the residues at u2 = 0 and u2 = ∞ can be traded for residues at
u3 =∞ and u3 = 0, respectively. The latter are easily computed from the limits
f(u2, u3)
u3→0→ (−y)
b−c
(y − 1/y)2
∮
y−2/3u2
du1
u1
(
y1/3u2 − u1/y
u1 − y−2/3u2
)a
= (−1)a+b+cy
b−c(ya − y−a)
(y − 1/y)2
f(u2, u3)
u3→∞→ (−y)
c−b
(y − 1/y)2
∮
y−2/3u2
du1
u1
(
y1/3u2 − u1/y
u1 − y−2/3u2
)a
= (−1)a+b+cy
c−b(ya − y−a)
(y − 1/y)2
(4.22)
leading to
∆χ = (−1)b+c−1y
c−b − yb−c
y − 1/y × (−1)
a−1y
a − y−a
y − 1/y (4.23)
which is recognized as the contribution from the bound state with charges {γ1 + γ2, γ3}. This
computation illustrates how discontinuities across the wall come from poles at infinity [31].
Let us now consider the attractor point (3.9) where ζ∗1 = c− a, ζ∗2 = a− b, ζ∗3 = b− c. For
a, b < c, the contribution comes from the flag p+2 if b > a, or from the flag p
−
2 if a < b. The
residue associated to p+i and p
−
i coincide, since there are only two hyperplanes intersecting
at pi. The result should be compared with the Coulomb branch formula evaluated at the
attractor point,
Ω∗(1, 1, 1) = ΩS(1, 1, 1) + gC({γ1, γ2, γ3}) +H({γ1, γ2, γ3}, 1, 1, 1) (4.24)
where ΩS(1, 1, 1) is the single-centered invariant, and the modified Coulomb index is given by
[17, §3.3]
gC({γ1, γ2, γ3}) = (−1)k y
k + y−k
(y − 1/y)2 (4.25)
H({γ1, γ2, γ3}, {1, 1, 1}) =
{
−2(y − 1/y)−2 k even
(y + 1/y)(y − 1/y)−2 k odd (4.26)
with k = c − a − b (more generally, k is equal to the largest of a, b, c minus the sum of the
other two). Evaluating the l.h.s. of (4.24) via the residue formula allows to read off the single-
centered invariant ΩS(1, 1, 1). Note that both ΩS(1, 1, 1) and gC+H vanish unless c ≤ a+b−2,
although gC by itself does not vanish for a+ b− 2 < c ≤ a+ b− c. This is consistent with the
fact that the quiver moduli space, when non-empty, has complex dimension d = a+ b− c− 2.
It is instructive to compare the index in the presence of a generic superpotential, computed
using an assignment of R-charges such that the oriented loop carries charge 2, to the index
for vanishing superpotential. As explained in [17, §2.5], the latter can be computed using the
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Harder-Narasimhan recursion, or equivalently Reineke’s formula. Either way, one finds, in
the chamber ζ1 > ζ2 > 0, ζ3 < 0,
χW=0Q = (−1)a+b+cy2−a−b−c(1− y2a)(1− y2b)/(1− y2)2 (4.27)
which in particular is not invariant under y → 1/y. This is consistent with the fact that
the quiver moduli space with vanishing superpotential is a Pa−1 × Pb−1 bundle over the non-
compact base Cc [17, §3.3]. The effect of the superpotential is to restrict to the point at the
origin in Cc, and to a complete intersection of c hypersurfaces in the fiber over that point. The
first operation removes a factor y−c in the index, and the second, by virtue of the Lefschetz
hyperplane theorem, multiplies by an additional factor of yc, as far as only negative powers of y
are concerned. The result of these two operations, (−1)a+b+cy2+c−a−b(1−y2a)(1−y2b)/(1−y2)2
agrees with the Coulomb index (4.25) up to positive powers of y, which therefore correctly
captures the non-middle part of the cohomology, while the middle part is captured by the
single-centered invariant ΩS(1, 1, 1).
Here we note that the same result (4.27) can be obtained by applying the formula (3.1)
for vanishing R-charge but generic flavor potentials ν1A (A = 1, . . . a), ν2B (B = 1, . . . b), ν3C
(C = 1, . . . c), which requires extracting a suitable residue of
ZQ =
a∏
A=1
(
u2yν1A − u1/y
u1 − u2ν1A
) b∏
B=1
(
u3yν2B − u2/y
u2 − u3ν2B
) c∏
C=1
(
u1yν3C − u3/y
u3 − u1ν3C
) ∏˜
i=1...3
dui
ui(y − 1/y)
(4.28)
Denoting H12,A = u1 − u2ν1A, etc the singular hyperplanes,there are a × b non-degenerate
intersections H12,A0 ∩H23,B0 , b× c intersections H2B0 ∩H31,C0 and a× c intersections H12,A0 ∩
H31,C0 . In the chamber c1 > 0, c2 < 0, c3 < 0, only the flags (Q23,B0 , Q12,A0) contribute, each
of them giving
a∏
A 6=A0
(
yν1A − ν1A0/y
ν1A0 − ν1i
) b∏
B 6=B0
(
yν2B − ν2B0/y
ν2B0 − ν2j
) c∏
C=1
(
yν1A0ν2B0ν3C − 1/y
1− ν1A0ν2B0ν3C
)
y−→1−−−→ (−1)a+b+c
(4.29)
Summing over all choices of A0B0 and taking the limit y → 1, we obtain (−1)a+b+cab in
agreement with (4.27). Keeping y 6= 1, we recognize in (4.29) the contribution of the fixed
point under the flavor rotation ϕi,A 7→ ei~θi,A given by P : φ12,A = δA,A0 , φ23,B = δB,B0 , φ31,C =
0. The flavor rotation act on the tangent space by a compensating gauge rotation,
Φ1A 7→ ei(θ1A+φ1−φ2)Φ1A , Φ2B 7→ ei(θ2B+φ2−φ3)Φ2B , Φ3C 7→ ei(θ3C+φ3−φ1)Φ3C , (4.30)
with θ1A0 + φ1 − φ2 = 0 and θ2B0 + φ2 − φ3 = 0, so that its determinant reproduces the
denominator in (4.29), in agreement with (3.8),
detC(1− dfP ) =
∏
A 6=A0
(1− ν1A/ν1A0)
∏
B 6=B0
(1− ν2B/ν2B0)
∏
C
(1− ν3Cν1A0ν2B0). (4.31)
Rescaling the fugacities as ν1,A → tAν1,A, ν2,B → tBν1,B, ν3,C → tCν3,Cand then take the limit
t→∞, then each of the ab contributions (4.29) produces a single power of y, which sum up
to the same result (4.27) as obtained from Reineke’s formula.
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5. Non-Abelian quivers
In this section, we finally turn to non-Abelian quivers, and demonstrate how the residue
formula (3.1) combined with the Cauchy-Bose identity (3.12) gives a natural decomposition
of the index in terms according to partitions of the total dimension vector, in agreement with
the Coulomb branch formula.
5.1 Kronecker quiver with rank (N, 1)
We consider a quiver Q = Km with two nodes V1, V2 and m > 0 arrows from V1 to V2:
N1
ζ1
N2
ζ2
m
We choose the dimension vector (N1, N2) = (N, 1) and stability parameters ζ1 < 0, ζ2 > 0
such that Nζ1 + ζ2 = 0. For m ≥ N , the quiver moduli space MQ is known to be the
Grassmannian G(N,m) of N -dimensional planes inside Cm, of dimension d = N(m − N),
with χ-genus given by
χQ(y) =
(−y)−N(m−N) [m, y]!
[N, y]! [m−N, y]! (5.1)
where [m, y]! =
∏m
k=1(1 − y2k/(1 − y2) is the deformed factorial. For m < N , the moduli
space is empty. Our aim is to rederive this well-known result using localization, and explain
how the decomposition predicted by the Coulomb branch formula naturally emerges in this
context.
In order to apply the localization formula (3.1), we upgrade the stability vector ζ = (ζ1, ζ2)
to η = (η1, . . . , ηN , ζ2) where η1 < η2 < · · · < ηN and ηs ' ζ1 for s = 1 . . . N . We denote by
(v1, . . . , vN) and u the exponentiated Cartan variables associated to the vertices V1 and V2.
The equivariant χ-genus is then a sum of residues of
ZQ =
(∏
s 6=s′
us′ − us
us/y − y us′
)
N∏
s=1
(
m∏
A=1
y νA us − u/y
u− νA us
dus
us(y − 1/y)
)
(5.2)
As argued in [50, 51], residues involving vector multiplet poles us/y−yus′ always vanish, so the
only contribution comes from the intersection of the hyperplanes (u−νA1u1, u−νA2u2, . . . u−
νANuN), for any subset of N distinct elements {A1, . . . , AN} ⊂ {1, . . . ,m}, taken in this
particular order for the above choice of η. In this way one arrives at8
χQ(y, νA) =
1
N !
∮
ZQ =
∑
I∈C(N,m)
∏
A∈I
∏
B/∈I
νA/y − νBy
νA − νB (5.3)
where I runs over all subsets of N distinct elements {A1, . . . , AN} ⊂ {1, . . . ,m}. Each term
in this sum originates from a U(1) fixed point on G(N,m), where the N ×m matrix φsA has
8This agrees with [28, §4.6], upon taking the limit τ → i∞ in their formula
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N non-zero elements in positions (s, As). The result can be shown to be independent
9 of the
fugacities νA, and equal to the deformed binomial coefficient (5.1).
In order to explain the connection with the Coulomb branch formula, we set to one the
flavor fugacities νA and fix the gauge u = 1, obtaining
χQ(y) =
1
(y − 1/y)N N !
∫ N∏
s=1
dus
2piius
∏
s 6=s′
us′ − us
us/y − y us′
N∏
s=1
(
y us − 1/y
1− us
)m
(5.4)
where the integral runs over a product of small circles around us = 1. Using the Cauchy-Bose
identity (3.12), we can rewrite (5.4) as a sum over permutations,
χQ =
(−1)N
N !
∫ N∏
s=1
dus
2pii
∑
σ∈SN
(σ)∏N
s=1(us/y − yuσ(s))
N∏
s=1
(
y us − 1/y
1− us
)m
(5.5)
Decomposing each permutation σ into a product of cycles
∏
`(C`)n` , the integral factorizes
into a product of factors associated to each cycle C` of length `,
χQ =
(−1)N
N !
∑
σ∈SN
(σ)
∏
`
(I`)n` (5.6)
where I` denotes the integral (with xi ≡ xi+L),
I` =
∏`
i=1
∮
1
dxi
2pii
1∏`
i=1(y xi − xi+1/y)
(
y xi − 1/y
xi − 1
)m
(5.7)
Moreover, the signature of the permutation is (σ) =
∏
`(−1)n`(`−1). By successively integrat-
ing over each ui, one can establish that
I` = y
m` − y−m`
y` − y−` (5.8)
For this, one may deform the contour around xi = 1 to a sum of contours around xi = xi+1/y
2
and xi = y
2xi−1. The residue at xi = xi+1/y2 is regular at xi+1 = 1 (due to a cancellation of
factors of (xi+1 − 1)m in the nominator and denominator), so can be dropped. The residue
at xi = y
2xi−1 produces a factor [(y2xi−1 − 1/y2)/(yxi−1 − 1/y)]m, which cancels partially
against [(yxi−1− 1/y)/(xi−1− 1)]m, etc. Alternatively, one may reinstate the flavor fugacities
and evaluate
I` =
∫ ∏`
i=1
dxi
2pii
1∏`
i=1(xi/y − yxi+1)
m∏
A=1
yνAxi − 1/y
1− νAxi (5.9)
where the integral circles around each pole at xi = νA(i) for all maps A : [1, `]→ [1,m]. In the
limit y → 1 it is easy to check that constant maps contribute +1 while non-constant maps
contribute 0, leading to i` → m. For y 6= 1 but assuming ν1  · · ·  νm, one also finds
that the only non-vanishing contribution come from constant maps A(i) = A, contributing
y`(2A−m−1), in agreement with (5.8).
9For this it suffices to show that the residue at the potential singularities νA = νB vanish.
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Using (5.8), and noting that the number of permutations with cycle shape λ =
∑
`n` is
N !/
∏
` `
n` n`!, one may rewrite (5.6) as a sum over partitions of N ,
χQ = (−1)N(m+1)
∑
N=
∑N
`=1 `n`
N∏
`=1
[(−1)`+1I`]n`
`n` n`!
=
∑
N=
∑N
`=1 `n`
N∏
`=1
[(−1)m`+1I`]n`
`n` n`!
(5.10)
Note that this coincides with the cycle index ZN({t`}) for the permutation group SN , eval-
uated at t` = (−1)m`+1I`. In order to evaluate the sum over partitions, it is expedient to
construct the generating function,
G =
∞∑
N=0
ZN({t`}) tN0 = exp
(
−
∞∑
`=1
(−y)m` − (−y)−m`
`(y` − y−`) t
`
0
)
. (5.11)
The result agrees with Zhalo in [24, (4.72)], up to a change m → −m since we have m > 0
while the result of loc.cit. assumed m < 0.
We can now compare (5.10) with the Coulomb branch formula (2.5) for this system (or
equivalently (2.9)),
χQ =
∑
N=
∑N
`=1 `n`
gC({n1 × γ1, n2 × 2γ1, . . . n` × `γ1, γ2})∏N
`=1 n`!
N∏
`=1
[ΩS(`γ1)]
n` ΩS(γ2) (5.12)
where n × `γ denotes n copies of the vector `γ. Since the only non-vanishing DSZ products
are 〈`γ1, γ2〉 = m`, the Coulomb index factorizes into
gC(n1 × γ1, n2 × 2γ1, . . . n` × `γ1, γ2) =
N∏
`=1
(
ym` − y−m`
y − 1/y
)n`
(5.13)
which is also the χ-genus of the Abelian quiverQ({γi}) described below (2.9). Moreover, in the
absence of loops, the only non-vanishing single centered invariants are ΩS(γ1) = ΩS(γ2) = 1,
hence
ΩS(`γ1) =
y − 1/y
`(y` − y−`) , ΩS(`γ2) = 1 (5.14)
Combining these relations, we conclude that (5.10) is in perfect agreement with the Coulomb
branch formula. Moreover, the sum over partitions of γ = Nγ1 + γ2 clearly originates from
the sum over conjugacy classes in the permutation group SN .
5.2 Star quivers
We now turn to a generalization of both the Abelian star quiver S{ai} considered in §4.1, and
the Kronecker quiver Km of rank (N, 1) in the previous subsection. Namely, we consider a
quiver with K+1 vertices V0, V1, . . . VK , with ai > 0 arrows from Vi to V0, and with dimension
vector (N, 1, 1, . . . ). Our aim is to evaluate the index using the Cauchy-Bose formula for the
contribution of the U(N) vector multiplets, and show that the resulting decomposition agrees
with the Coulomb branch formula (2.5), or equivalently the MPS formula (2.9).
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Clearly, the moduli space is trivial unless ζ0 < 0 and ζi > 0 for i = 1 . . . K. Up to
relabelling the nodes, we can assume that ζ1 > ζ2 > · · · > ζK . We shall further assume that
ζ1  ζ2  · · ·  ζK , and upgrade the stability vector to η = (η1, . . . , ηN , ζ1, . . . ζK) with
η1 < η2 < · · · < ηN and ηs ' ζ0 for s = 1 . . . N . We denote by (v1, . . . , vN) and (u1, . . . uK)
the exponentiated Cartan variables associated to the vertices V0 and Vi. The χ-genus is then
a sum of residues of
ZQ =
1
(y − 1/y)N+K−1
(∏
s 6=s′
vs′ − vs
vs/y − y vs′
) ∏
s=1...N
i=1...K
[
y vs − ui/y
ui − vs
]ai K∏
i=1
dui
ui
∏˜
s=1...N
dvs
vs
(5.15)
As for the Grassmannian in the previous subsection, residues involving vector multiplet poles
vs/y − y vs′ always vanish [50, 51], so the only contribution comes from the intersection of
the NK hyperplanes ui − vs, which is degenerate if K ≥ 2. For the above choice of η, this
intersection carries a single stable flag (u1 − v1, u1 − v2, . . . , u1 − vN , u2 − vN , uK − vN),
corresponding to the following integration prescription
χQ =
1
N !
∮
ZQ ,
∮
:= (−1)N−1
∮
vN
duK
uK
· · ·
∮
vN
du1
u1
∮
u1
dvN−1
vN−1
· · ·
∮
u1
dv1
v1
(5.16)
We now apply the Cauchy-Bose formula (3.12) to the vector multiplet product in (5.15), and
collect contributions according to the cycle shape of the permutation σ ∈ SN , corresponding
to a partition λ = `1 + · · · + `p =
∑
`n`, where n` is the number of ni’s equal to ` For
convenience we relabel the Cartan variables for the non-Abelian group accordingly,
{v1, . . . , vN} → {v(1)1 , . . . , v(1)`1 ; v
(2)
1 , . . . , v
(2)
`2
; . . . ; v
(p)
1 , . . . , v
(p)
`p
} . (5.17)
All permutations with the same cycle shape λ give the same contribution to the χ-genus,
χλ = (−1)N−p(y − y−1)−N−K+1(−1)N−1(1− y2)N
∮
vN
duK
uK
· · ·
∮
vN
du1
u1
∮
u1
dvN−1
vN−1
· · ·
∮
u1
dv1
v1[
p∏
β=1
v
(β)
1 . . . v
(β)
`β
(v
(β)
1 − y2v(β)2 ) . . . (v(β)`β − y2v
(β)
1 )
]
N∏
s=1
K∏
α=1
(
yvs − y−1uα
uα − vs
)aα
.
(5.18)
where vN can be gauged fixed to any value. The sum over all permutations with the same
cycle shape turn the prefactor 1/N ! into a factor 1/(
∏
` n`!`
n`). According to the MPS formula
(2.9), (5.18) should coincide with
χ˜λ =
(y − y−1)p∏p
β=1(y
`β − y−`β)χ (Qλ) (5.19)
where Qλ is the Abelian quiver
11 . . . 1α . . . 1K
11 . . . 1β . . . 1p
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with `β × ai arrows going from the node 1i on the top row to the node 1β on the bottom row.
The χ-index for Qλ follows from the residue formula (3.1),
χ˜λ =
(−1)p−1(y − y−1)−K+1∏p
β=1(y
`β − y−`β)
∮
vp
duK
uK
· · ·
∮
vp
du1
u1
∮
u1
dvp−1
vp−1
· · ·
∮
u1
dv1
v1
p∏
r=1
[
K∏
α=1
(
yvr − y−1uα
uα − vr
)aα]`r
.
(5.20)
where vp can be gauge fixed to any value. We shall now prove, by induction on K, that (5.18)
and (5.20) coincide. For K = 2, this is the Kronecker quiver with rank (N, 1) discussed in the
previous subsection. We shall assume that the equality χλ = χ˜λ holds for star quivers with
K − 1 nodes, and show that it continues to hold for K nodes.
To show that (5.18) and (5.20) coincide, we focus on the last contour integral over uK
around vN in , (5.18), or around vp in (5.20), which we free to identify by a choice of gauge.
Denoting by χΛ(uK , v) and χ˜Λ(uK , v) the two integrands, we need to prove∮
v
duK
uK
[χΛ(uK , v)− χ˜Λ(uK , v)] = 0 , (5.21)
By construction, χΛ(uK , v) and χ˜Λ(uK , v) are homogenous rational functions of degree 0. The
recursion shows that their difference can be put to the form
χΛ(uK , v)− χ˜Λ(uK , v) = Nm(uK , v)
(uK − v)m , (5.22)
where m is a non-negative integer and Nm(uK , v) is a homogeneous polynomial of degree m.
In particular, the denominator does not have any factor of uK or v. The equality (5.21) will
follow if we can show that the numerator factorizes as
Nm(uK , v) = v
m1um2K N˜m−m1−m2 (5.23)
with m1,m2 ≥ 1. Indeed, setting v = 1 by homogeneity, it follows from (5.23) that∮
1
duK
uK
[χΛ(uK , 1)− χ˜Λ(uK , 1)] =
∮
1
duK
um2−1K N˜m−m1−m2(uK , 1)
(uK − 1)m = 0 (5.24)
since the numerator has monomials of degree less than m− 1 are annihilated by the (m− 1)
differentiations needed to extract the residue. To show that Nm(uK , v) factorizes as in (5.23),
it suffices to check that IK(uK , v) vanishes both when uK → 0 and when uK → ∞ (which
is equivalent to v → 0 by homogeneity). In either of those limits, the integrands χλ(uK , v)
and χ˜λ(uK , v) reduce to the indices for the star quiver obtained by removing the node vK .
By induction, the equality χλ = χ˜λ therefore holds for star quivers with arbitrary number of
Abelian nodes.
5.3 Kronecker quiver with rank (N1, N2)
We now consider the Kronecker quiver Km introduced in §5.1, now for general dimension
vector. The χ-genus of the moduli space MQ has been computed in the mathematics lit-
erature [52, 53, 41] using the Atiyah-Bott Lefschetz fixed point theorem, and in the physics
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literature [32, 50, 51, 54] using supersymmetric localization. Our goal here is to clarify the
relation between the two approaches, and explain how the Coulomb branch formula arises
from applying the Cauchy-Bose formula to both nodes.
The quiver moduli space MQ is non-trivial in the chamber ζ1 < 0 < ζ2 with N1ζ0 +
N2ζ1 = 0, in which case its complex dimension is d = mN1N2 − N21 − N22 + 1. In or-
der to apply the residue formula (3.1), we upgrade the stability vector ζ = (ζ0, ζ1) to
η = (η1, . . . , ηN1 , η˜1, . . . ηN2) where η1 < · · · < ηN1 < 0 < η˜1 < · · · < ηN2 and ηs ' ζ1, η˜s′ ' ζ2
for s = 1 . . . N1, s
′ = 1 . . . N2. The equivariant χ-genus is then given by a suitable residue of
ZQ =
1
(y − 1/y)N1+N2−1
∏
s,s′=1...N1
s 6=s′
us′ − us
us/y − y us′
∏
s.s′=1...N2
s 6=s′
vs′ − vs
vs/y − y vs′
×
∏
s=1...N1
s′=1...N2
m∏
A=1
y νA vs′ − us/y
us − νA vs′
∏
s=1...N1
dus
us
∏˜
s′=1...N2
dvs′
vs′
(5.25)
For (N1, N2) coprime, it turns out that residues involving the vector multiplet hyperplanes
us/y−y us′ , vs/y−y vs′ vanish. For generic fugacities, the intersections of the chiral multiplet
hyperplanes are non-degenerate, and in one-to-one correspondence with bipartite trees linking
N1 ‘black’ vertices e1, . . . eN1 to N2 ‘white’ vertices f1, . . . , fN2 , with edges es − fs′ colored by
an integer A ∈ {1, . . . ,m}. Each edge represents one hyperplane us − νA vs′ , and each tree
corresponds to a particular non-degenerate intersection, which may or may not carry a stable
flag. As usual, stable flags correspond to fixed points of the toric action φAss′ 7→ νA φAss′ on
the space of solutions to the D-term equations (2.1), up to gauge transformations. Since the
quiver moduli space is compact, the dependence on θA must cancel after summing over all
fixed points. In the limit y → 1, each stable flag contributes a rational number ±1/(N1!N2!),
which must add up to the Euler characteristic which is integer. Alternatively, by assuming
that the θA’s are hierarchically ordered, e.g. θ1  θ2  · · ·  θm, one may associate a given
power ±y2J3/(N1!N2!) to each fixed point, which must add up to the χ-genus.
5.3.1 Rank (2, 3)
For illustration, we consider the rank (2, 3) case in some detail. For generic values of the
fugacities, one finds contributions from two types of graphs, depicted in Figure 2:
• m(m− 1)(m− 2) flags of type FABCC with A,B,C all distinct,
F1 = (−u1 + νAv3,−u1 + νBv2,−u1 + νCv1,−u2 + νAv3) (5.26)
contributing − 1
12
as y → 1.
• 3×m(m− 1)(m− 2) flags of type FABCC with A,B,C all distinct,
F2 = (−u2 + νAv3,−u1 + νBv2,−u1 + νCv1,−u1 + νAv3)
F3 = (−u1 + νCv3,−u2 + νAv2,−u1 + νBv1,−u1 + νAv2)
F4 = (−u1 + νCv3,−u1 + νBv2,−u2 + νAv1,−u1 + νAv1)
(5.27)
contributing + 1
12
as y → 1; note that F1 and F2 only differ by the order of the hyperplanes,
while F2,3,4 differ by a permutation of {v1, v2, v3}.
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v3
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A
B
C
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v1
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v3
WABCD
A
B
C
D
Figure 2: Graphs associated to the flags contributing to the equivariant χ-genus of the Kronecker
quiver Km(2, 3) (up to permutations of {us} and {vs′})
• 6×m(m− 1)3 flags of type WABCD with A 6= B,B 6= C,C 6= D,
W1 = (−u2 + νAv3,−u1 + νDv1,−u1 + νCv2,−u2 + νBv2)
W2 = (−u2 + νAv3,−u1 + νDv2,−u1 + νCv1,−u2 + νBv1)
W3 = (−u2 + νAv2,−u1 + νDv1,−u1 + νCv3,−u2 + νBv3)
W4 = (−u1 + νDv3,−u2 + νAv1,−u1 + νCv2,−u2 + νBv2)
W5 = (−u1 + νDv2,−u2 + νAv1,−u1 + νCv3,−u2 + νBv3)
W6 = (−u1 + νDv3,−u2 + νAv2,−u1 + νCv1,−u2 + νBv1)
(5.28)
contributing + 1
12
as y → 1. These flags differ by permutations of {u1, u2} and {v1, v2, v3}.
In total, we thus find 2m(3m3 − 7m2 + 3m+ 1) stable flags, contributing as y → 1
m(m−1)(m−2)×−1
12
+3×m(m−1)(m−2)× 1
12
+6×m(m−1)3× 1
12
=
m4
2
− 4m
3
3
+m2−m
6
(5.29)
More generally, for y 6= 1 we find
χQ =
y6m−4 + y4−6m + (y + 1/y)4 − (y6 + 3y4 + 3y2 + 2) y2m−4 − (2y6 + 3y4 + 3y2 + 1) y−2−2m
(y − 1/y)4 (y + 1/y)2 (y2 + 1 + y−2)
(5.30)
in agreement with Reineke’s formula.
In the absence of flavor fugacities, the non-degenerate intersections collide into a single
degenerate intersection involving all chiral multiplet hyperplanes. We find that 4 stable flags
contribute, corresponding to F1, F2, F3, F4 above with νA = 1, with the flags F2,3,4 producing
equal contributions. As an example, for m = 3 we find
− 1
2
(
7
y6
+
27
y4
+
55
y2
+ 69 + 55y2 + 27y4 + 7y6
)
+ 3
6
(
9
y6
+
29
y4
+
61
y2
+ 75 + 61y2 + 29y4 + 9y6
)
=
1
y6
+
1
y4
+
3
y2
+ 3 + 3y2 + y4 + y6
y→1→ −247
2
+ 3× 91
2
= 13
(5.31)
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again in agreement with (5.30).
Let us now apply the Cauchy-Bose identity for the U(2) vector multiplets, keeping the
fugacities generic. In this case, the same non-degenerate intersections contribute separately
to each of the two partitions (1 + 1, 2):
• Each of the m(m− 1)(m− 2) flags of type F1 contribute (14 ,−13)
• Each of the 3×m(m− 1)(m− 2) flags of type F2,3,4 contribute (0, 112)
• Each of the 6×m(m− 1)3 flags of type W1,...6 contribute ( 112 , 0)
• In addition, there are 3×2×m(m−1) flags of type FAABB with A 6= B which contribute
( 1
12
,− 1
12
)
After summing these contributions, we arrive at the result predicted by the MPS formula
(2.10) with S = {1},
χKm(2,3) =
y − y−1
2(y2 − y−2)χK2m(1,3) +
1
2
χSm,m(3,1,1) (5.32)
where K2m is the Kronecker quiver with 2m arrows, while Sm,m is the star quiver considered
in §5.2 for a1 = a2 = m. Similarly, applying the Cauchy-Bose identity for the U(3) vector
multiplets, one finds
χKm(2,3) =
y − y−1
3(y3 − y−3)χK3m(2,1) +
y − y−1
2(y2 − y−2)χS2m,m(2,1,1) +
1
6
χSm,m,m(2,1,1,1) (5.33)
in agreement with the MPS formula (2.10) with S = {2}.
Finally, let us apply the Cauchy-Bose identity for both the U(2) and U(3) vector mul-
tiplets. We find contributions from the 6 possible partitions λ = (λ1, λ2) of the dimension
vector (2, 3):
• For λ = (2, 3), we find m flags of type FAAAA contributing −23 each, and 3m flags of type
FAAAA contributing
1
6
, leading to χλQ = −m/6 in the limit y → 1;
• For λ = (2, 2 + 1), we find m2 flags of type FAABB contributing +1, and 2m2 flags of type
FAABB contributing −14 , leading to χλQ = m2/2;
• For λ = (2, 1 + 1 + 1), we find m3 flags of type FABCC contributing −13 , leading to
χλQ = −m3/2;
• For λ = (1 + 1, 3), we find m2 flags of type FAAAB contributing 12 , leading to χλQ = m2/2;
• For λ = (1 + 1, 2 + 1), we find 2m(m − 1) flags of type FAAAB with A 6= B and m flags
of type FAAAA, each contributing −34 ; 2m(m − 1) flags of type FAAAB with A 6= B and
m flags of type FAAAA, each contributing −14 ; and 2m(m− 1)2 flags of type WAABC with
A 6= B, B 6= C, each contributing −1
2
; in total, χλQ = −m3;
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• For λ = (1+1, 1+1+1), we find m3 flags of type FABCC contributing 14 ; m(m−1) flags of
type FAAAB contributing
1
4
; 3m3 flags of type FABCC plus 3m(m− 1) flags of type FAAAB
with A 6= B, each contributing 1
12
; 6m(m− 1)2 flags of type WAABC with A 6= B,B 6= C
contributing 1
6
; 6m(m−1)3 flags of type WABCD with A 6= B,B 6= C,C 6= D contributing
1
12
; in total, χλQ = m
4/2;
These results are summarized in the table below, retaining the dependence on y:
λ χλQ y → 1
(2, 3) −κ(6m) ρ2ρ3 −m/6
(2, 2 + 1) κ(2m)κ(4m)ρ22 m
2/2
(2, 1 + 1 + 1) −1
6
κ(2m)3ρ2 −m3/3
(1 + 1, 3) 1
2
κ(3m)2ρ3 m
2/2
(1 + 1, 2 + 1) −1
2
κ(m)κ(2m)(κ(3m) + κ(m))ρ2 −m3
(1 + 1, 1 + 1 + 1) 1
12
κ(m)3(κ(3m) + 3κ(m)) m4/2
(5.34)
where ρk = (y−1/y)/k/(yk−y−k) and κ(m) = (−1)m(ym−y−m)/(y−1/y). The contributions
of the various partitions perfectly match the result of the Coulomb branch formula, which
in this case follows from the wall-crossing formula [24, (A.4)] (changing m → −m in this
equation, and setting Ω(N1, N2) = 0 unless N1N2 = 0)
χKm(2,3) =− κ(6m) Ω(2, 0) Ω(0, 3) +
1
2
[κ(3m)]2 Ω(1, 0)2 Ω(0, 3) + κ(2m)κ(4m)Ω(2, 0) Ω(0, 2) Ω(0, 1)
− 1
2
[
κ(m)2 κ(2m) + κ(m)κ(2m)κ(3m)
]
Ω(1, 0)2 Ω(0, 2) Ω(0, 1)
− 1
6
κ(2m)3 Ω(2, 0) Ω(0, 1)3 +
1
2
[
3κ(m)4 + κ(m)3κ(3m)
]
Ω(1, 0)2 Ω(0, 1)3
(5.35)
where Ω(k, 0) = Ω(0, k) = ρk.
5.3.2 Rank (2, 2)
In the case where the dimension vector is not primitive, there can be contributions from
singularities involving vector multiplet hyperplanes. As a result, the contributions are still
classified by trees but they are no longer bipartite, since they can involve edges of the form
es−es′ or fs−fs′ corresponding to the hyperplanes us/y−y us′ or vs/y−y vs′ . As an example,
we consider the rank (2, 2) case. In the absence of flavor fugacities, we find that among the
21 singularities, three intersections support stable flags with non-trivial contributions. As an
example, for m = 3 we get
flag residue
F = (v2 − u1, v1 − u1, v2 − u2) −12( 2y5 + 11y3 + 20y + 20y + 11y3 + 2y5)
G1 = (v1 − u1, v2 − u2, u2 − y2u1) 10+27y2+37y4+27y6+10y84y3(1+y2)
G2 = (v2 − u1, v1 − u2, u2 − y2u1) 10+27y2+37y4+27y6+10y84y3(1+y2)
(5.36)
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Adding up these terms, we find
χ¯K3(2,2) = −
(2 + 3y2 + 2y4)(1 + y4 + y8)
2y5(1 + y2)
y→1→ −21
4
(5.37)
in agreement with Reineke’s formula’s for the rational invariant,
χ¯Km(2,2) = −(
ym−y−m)(2y3m−2+2y2−3m−2ym+2−2y−2−m−y3−y−3+y+y−1)
2(y−1/y)3(y+1/y)2
y→1→ −m
3
2
+m2 − m
4
(5.38)
For generic flavor fugacities, the singularities become non-degenerate. We find that the fol-
lowing stable flags contribute: (see Figure 3)
• 2×m(m− 1)2 flags of type FABC with A 6= B,B 6= C,
F1 =(−u1 + νB v2,−u1 + νA v1,−u2 + νCv2)
F2 =(−u1 + νA v1,−u2 + νC v2,−u1 + νBv2)
(5.39)
contributing −1
4
as y → 1;
• 2m flags of type GA,
G1 =(−u1 + νA v1,−u2 + νA v2,−u1y2 + u2)
G2 =(−u1 + νA v2,−u2 + νA v1,−u1y2 + u2)
(5.40)
contributing 1
8
in the limit y → 1 as y → 1;
In total, we get
χ¯Km(2,2) = 2m(m− 1)2 ×−
1
4
+ 2m× 1
8
= −m
3
2
+m2 − m
4
(5.41)
in agreement with [32, §6.3].
u1
u2
v1
v2
FABC
A
B
C
u1
u2
v1
v2
GA
A
A
Figure 3: Graphs associated to the flags contributing to the equivariant χ-genus of the Kronecker
quiver Km(2, 2) (up to permutations of {us} and {vs′})
Applying the Cauchy-Bose formula for both nodes, this result decomposes as a sum over
partitions λ = (λ1, λ2) of the dimension vector (2, 2):
• For λ = (2, 2), we find m flags of type FAAA contributing −12 each and 2m flags of type
GA contributing −18 each, leading to χλQ = −m4 ;
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• For λ = (2, 1 + 1) or λ = (1 + 1, 2), we find m2 flags of type FAAB contributing 12 each,
leading to χλQ =
m2
2
;
• For λ = (1 + 1, 1 + 1), we find 2m(m− 1) flags of type FAAB with A 6= B and m flags of
type FAAA, contributing −12 each; and 2m(m− 1)2 flags of type FABC with A 6= B 6= C;
in total χλQ = −m
3
2
;
These results are summarized in the table below, retaining the dependence on y:
λ χλQ y → 1
(2, 2) κ(4m) ρ22 −m/4
(2, 1 + 1) 1
2
[κ(2m)]2 ρ2 m
2/2
(1 + 1, 2) 1
2
[κ(2m)]2 ρ2 m
2/2
(1 + 1, 1 + 1) 1
4
κ(m)2κ(2m) −m3/2
(5.42)
The contributions of the various partitions match the result of the Coulomb branch formula
[24, (A.4)]
χ¯Km(2,2) =− κ(4m) Ω(2, 0) Ω(0, 2) +
1
2
[κ(2m)]2 Ω(1, 0)2 Ω(0, 2) +
1
2
[κ(2m)]2 Ω(2, 0) Ω(0, 1)2
− 1
4
κ(m)2κ(2m) Ω(1, 0)2 Ω(0, 1)2
(5.43)
where Ω(k, 0) = Ω(0, k) = ρk.
5.4 Non-abelian quivers with oriented loops
Finally, we turn to an example of non-abelian quiver with oriented loops. In this case,
applying the Cauchy-Bose formula to all nodes leads to a sum over partitions of the total
dimension vector as a sum of multiples of basis vectors `αa, whereas the Coulomb branch
formula also includes contributions of single-centered invariants involving combinations of
these basis vectors which support an oriented loop. Upon matching the two formulae, we
find that the single-centered invariants naturally decompose into contributions from different
partitions, whose mathematical meaning remains to elucidate.
To exhibit this phenomenon, let us consider the simple case of a 3-node cyclic quiver Ca,b,c
with a > 0, b > 0, c > 0 and dimension vector (2, 1, 1). In order to compare with the analysis
in Sec 6.1 of [17] (up to a cyclic permutation of the nodes), we assume
b < 2a, c < a, k = b+ 2(c− a) > 0,
ζ2 > 0, ζ2 + ζ3 > 0, ζ3 < 0, ζ1 → 0−
(5.44)
which includes the attractor point ζ∗ = (c − a, 2a − b, b − 2c). Simple choices of (a, b, c)
satisfying these conditions are
(4, 7, 3), (5, 7, 4), (5, 8, 4), (6, 7, 5), (6, 8, 5), (7, 7, 6), (7, 8, 6), (8, 7, 7), (8, 8, 7), ... (5.45)
We upgrade the stability vector ζ into (η0, η1; η2, η3) = (ζ1 − , ζ1 + , ζ2, ζ3) with 0 <  
|ζ1|, and choose the R-charges to be R12 = R23 = R31 = 2/3 so as to allow for a generic
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superpotential. Denoting the Cartan variables by (v1, v2;u1, u2), the χ-genus of the quiver
moduli space is given by a sum of residues of
ZQ =
1
2(y − 1/y)3
(v1 − v2) (v2 − v1)
(v2/y − v1y) (v1/y − v2y) ×
(
y1/3u2 − u1/y
u1 − y−2/3u2
)b
×
∏
s=1,2
(
y1/3u1 − vs/y
vs − y−2/3u1
)a(
y1/3vs − u2/y
u2 − y−2/3vs
)c
du1
u1
du2
u2
dv1
v1
(5.46)
Out of the 15 singular points, 12 intersections are non-degenerate and three are degener-
ate. Out of those three, one is projective and two are not, but have detκ = 0 so can
be safely ignored. For the stability conditions above, the only contributing stable flag is
(u1 − y−2/3u2, u2 − y−2/3v1, u2 − y−2/3v2), producing a symmetric Laurent polynomial of de-
gree k−5, in agreement with the complex dimension ofMQ. On the other hand, the Coulomb
branch formula in this chamber predicts
χQ =ΩS(2, 1, 1) +
(
y − 1/y
2(y2 − 1/y2)gC({2γ1, γ2, γ3}) +H({γ1, γ2, γ3}, {2, 1, 1})
)
+
(
1
2
gC({γ1, γ1, γ2, γ3}) +H({γ1, γ1, γ2, γ3}, {1, 1, 1, 1})
) (5.47)
where ΩS(2, 1, 1) is the single-centered invariant, and the modified Coulomb indices are given
by [17, §6.1]
gC({2γ1, γ2, γ3}) =(−1)
k(yk + y−k)
(y − 1/y)2
H({γ1, γ2, γ3}, {1, 1, 2}; y) =
{
1
4
(y − y−1)−2(y + y−1)−1 {−(y + y−1)2 + (−1)k/2(y − y−1)2}
1
2
(y − y−1)−2
gC({γ1, γ1, γ2, γ3}) =(−1)
k+1(yk − y−k)
(y − 1/y)3
H({γ1, γ2, γ3, γ3}{1, 1, 1, 1}; y) =
{
1
4
k (y − y−1)−2(y + y−1)− 1
2
k (y − y−1)−2
(5.48)
where the two options correspond to k = b+2(c−a) even and odd. respectively. By comparing
the result from the residue formula with (5.47), we can read off the single-centered invariant
ΩS(2, 1, 1), e.g. for (a, b, c) = (7, 8, 6) we get
Ω(2, 1, 1) = 1862(y + 1/y) → ΩS(2, 1, 1) = 1863(y + 1/y) (5.49)
Now, applying the Cauchy-Bose formula for the U(2) vector multiplets, the χ-index nat-
urally splits into two terms χ
(2)
Q , χ
(1+1)
Q and associated to the partitions of N = 2. From
the Coulomb branch picture, these two partitions correspond to bound states of charges
{2γ1, γ2, γ3} and {γ1, γ1, γ2, γ3}, corresponding to the two terms in bracket in (5.47). Thus, it
is natural to define ‘partial’ single-centered invariants Ω
(2)
S (2, 1, 1) and Ω
(1+1)
S (2, 1, 1) via
χ
(2)
Q =Ω
(2)
S (2, 1, 1) +
y − 1/y
2(y2 − 1/y2)gC({2γ1, γ2, γ3}) +H({γ1, γ2, γ3}, {2, 1, 1})
χ
(1+1)
Q =Ω
(1+1)
S (2, 1, 1) +
1
2
gC({γ1, γ1, γ2, γ3}) +H({γ1, γ1, γ2, γ3}, {1, 1, 1, 1})
(5.50)
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such that ΩS(2, 1, 1) = Ω
(2)
S (2, 1, 1) + Ω
(1,1)
S (2, 1, 1). E.g. for (a, b, c) = (7, 8, 6),
Ω
(2)
S (2, 1, 1) =− 3 (y + 1/y)
(
1903y2 + 10976 + 1903y−2
)
Ω
(1+1)
S (2, 1, 1) =3 (y + 1/y)
(
1903y2 + 11597 + 1903y−2
) (5.51)
which correctly add up to 1863(y + 1/y). One might expect these two contributions to be
related to the single-centered invariants of the 3-node and 4-node Abelian quivers obtained
by applying the MPS formula (2.10) to the node V1 (see Figure 4). This expectation is indeed
borne out for Ω
(1,1)
S (2, 1, 1), which is equal to half of the single-centered invariant ΩS(1, 1, 1, 1)
of the 4-node Abelian quiver, but not for Ω
(2)
S (2, 1, 1) which appears to be unrelated to the
single-centered invariant ΩS(1, 1, 1) associated to the 3-node Abelian quiver C2a,b,2c. It would
be interesting to understand the mathematical significance of Ω
(2)
S (2, 1, 1), or similar ‘partial’
single-centered invariants arising at higher rank. More generally, it would be of great interest
to find a residue prescription (or otherwise) for computing the single-centered invariants
ΩS(γ, y) directly.
1
11
2a
b
2c
1 1
11
a a
c c
b
Figure 4: Abelian quivers rising in the MPS formula for the 3-node quiver with rank (2, 1, 1).
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A. Implementation of the residue formula in CoulombHiggs.m
The computations reported in this paper were in part carried out using the Mathematica
package CoulombHiggs.m by the last-named author, which was first released along with [36]
and has since then been extended to include an implementation of the residue formula (3.1) for
general non-Abelian quivers. This package can be freely downloaded from the last author’s
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home page10. Below we briefly outline how to use this package to reproduce some of the
computations in this paper, referring to the documentation for more complete information.
Assuming that the file CoulombHiggs.m is present in the user’s Mathematica Applica-
tion directory, the package is loaded by entering
In[1]:= <<CoulombHiggs‘
Out[1]:= CoulombHiggs 5.0 - A package for evaluating quiver
invariants.
To specify to the Kronecker quiver K3(2, 3) considered in §5.3.1, we first feed in the
adjacency matrix, R-charge matrix, stability parameter, dimension vector to the routine
JKInitialize:
In[2]:= Mat={{0, -3},{3,0}; RMat=0*Mat; Cvec={-1/2,1/3};Nvec={2,3};
JKInitialize[Mat, RMat, Cvec, Nvec]; JKChargeMatrix //
MatrixForm
Out[2]:=

−1 0 1 0 0 0 3
0 −1 1 0 0 0 3
−1 0 0 1 0 0 3
0 −1 0 1 0 0 3
−1 0 0 0 1 0 3
0 −1 0 0 1 0 3

Among other things, this routine constructs the matrix JKChargeMatrix, whose rows
contain the charges of the chiral multiplets under the Cartan algebra U(1)2 × U(1)3, as well
as their R-charge (here, 0) and multiplicity (here, 3); as well as the vector JKEta, which
is a small perturbation of (ζ1, ζ1, ζ2, ζ2, ζ2) with increasing entries for each node. The inte-
grand ZQ in (3.2) can be displayed by calling ZTrig[JKChargeMatrix, Nvec], or ZEuler[],
ZRational[], ZElliptic[] for (3.3), (3.5) or (3.4), respectively. For computing the index of
non-quiver type systems, the charge matrix can be specified by hand.
Having constructed the charge matrix and generalized stability vector, we can then feed
these data into the routine JKIndex,
In[3]:= JKIndex[JKChargeMatrix, Nvec,JKEta]; JKChiGenus
66 stable flags in total; from computing the Euler number, 4 stable flags
appear to contribute
Out[3]:=
{
−7y12+27y10+55y8+69y6+55y4+27y2+7
2y6
,−−9y12−29y10−61y8−75y6−61y4−29y2−9
6y6
,
−−9y12−29y10−61y8−75y6−61y4−29y2−9
6y6
,−−9y12−29y10−61y8−75y6−61y4−29y2−9
6y6
}
Each of the entries in the result, stored in the global variable JKChiGenus, gives the
contribution to the χ-genus of those stable flags which contribute non-trivially to the Eu-
ler number. In this case, out of 66 stable flags, 4 of those give non-trivial contributions,
10http://www.lpthe.jussieu.fr/∼ pioline/computing.html
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reproducing the result in (5.31). The relevant flags are stored in the global variable JKRele-
vantStableFlags,
In[4]:= JKListuDisplay = {u1, u2, v1, v2, v3};
DisplayFlagList[JKRelevantStableFlags]
Out[4]:=

{0, 0, 0, 0} {v3− u1, v2− u1, v1− u1, v3− u2} −1
{0, 0, 0, 0} {v3− u2, v2− u1, v1− u1, v3− u1} −1
{0, 0, 0, 0} {v3− u1, v2− u2, v1− u1, v2− u1} −1
{0, 0, 0, 0} {v3− u1, v2− u1, v1− u2, v1− u1} −1

where the first entry in each row corresponds to the intersection point (dropping the coor-
dinate along the frozen coordinate u1, specified by the variable JKFrozenCartan defined by
JKInitialize), the second entry to the ordered list of hyperplanes defining each flag F , and
the last entry to sgn( detκF ). The covering tree associated to each flag can also be displayed
by using DisplayFlagTree,
In[5]:= JKVertexLabels = {1 -> u1, 2 -> u2, 3 -> v1, 4 -> v2, 5 ->
v3}; Table[ DisplayFlagTree[JKRelevantStableFlags[[i]]], i,
Length[JKRelevantStableFlags]]
Out[5]:=
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��
The red zeros on each arrow indicate half the R-charge, which vanishes in this example.
Flavor fugacities can be switched on by defining
In[6]:= RMat = 2 FlavoredRMatrix[Mat]; JKInitialize[Mat,RMat, Cvec,
Nvec];
Out[6]:=
The global variable JKChargeMatrix now includes 2 × 3 × 3 rows, each of which with
R-charge 2th[A] where th[A] are generic fugacity parameters. Running JKIndex will now
produce 1410 stable flags, out of which 168 contribute a non-zero residue as in (5.29).
Finally, the same computation can be carried out using the Cauchy-Bose formula for
either, or both factors of the gauge group U(2) × U(3). This is done using JKIndexSplit,
which takes the same arguments as JKIndex plus the subset S ⊂ {1, 2} as in (2.10). E.g. the
results reported above (5.32) can be verified by using
In[7]:= JKIndexSplit[JKChargeMatrix, Nvec,JKEta,{1}]; JKChiGenus
Out[7]:=
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and studying the structure of the relevant flags in JKRelevantStableFlags.
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